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Solutions for Chapter 1

Solutionsfor exercisesin section 1. 2

1.2.6.

1.2.7.
1.2.8.
1.2.9.

1.2.10.
1.2.11.

1.2.12.

1.2.13.

(1,0,0)
(1,2,3)
(1,0,—1)
(-1/2,1/2,0,1)
2 | -4 | 3
4 | =7 | 4
5 | -8 | 4

Every row operation is reversible. In particular the “inverse” of any row operation
is again a row operation of the same type.

5,m,0

The third equation in the triangularized form is 0zs = 1, which is impossible
to solve.

The third equation in the triangularized form is Ozs = 0, and all numbers are
solutions. This means that you can start the back substitution with any value
whatsoever and consequently produce infinitely many solutions for the system.
a= -3, ﬁ:%, and 'y:—%

(a) If z; = the number initially in chamber #i, then

Axq 4+ 0z + Ox3 + 224 = 12
Ox1 + 4xo + 323 + 224 = 25
Ox1 + .39 + 4x3 + 224 = 26
621 + .32 + .3x3 + 4xy = 37
and the solution is x1 = 10, x5 =20, z3 =30, and x4 = 40.
(b) 16,22, 22,40

To interchange rows ¢ and j, perform the following sequence of Type II and
Type III operations.

R; — Rj+ R; (replace row j by the sum of row j and ¢)

R; — R, — R; (replace row ¢ by the difference of row ¢ and j)
R; — R;+ R; (replace row j by the sum of row j and 7)

R; — —R; (replace row i by its negative)

(a) This has the effect of interchanging the order of the unknowns—z; and
X are permuted. (b) The solution to the new system is the same as the



2 Solutions

solution to the old system except that the solution for the j** unknown of the
new system is &; = é:cj. This has the effect of “changing the units” of the j**
unknown.  (c) The solution to the new system is the same as the solution for
the old system except that the solution for the A*"* unknown in the new system
is & =z — ax;.

1.2.14. hyj = 7oy

T Y1
T2 Y2 . .
1.2.16. If x = . and y= . are two different solutions, then
'r'"L ym
z1+y1
w5}
X+ y 22y2
7z = =
2 .
Tm+Ym
2

is a third solution different from both x and y.

Solutionsfor exercisesin section 1. 3

1.3.1. (1,0,—1)
1.3.2. (2,-1,0,0)

1 11
1.3.3. 1 2 2
1 2 3

Solutions for exercisesin section 1. 4

Yk+1 — Ye—1 Yk—1 = 2k + Y41 :
1.4.2. Use ¢/(ty) = y;, ~ o and y"(tx) = y) ~ 2 to write

2yk—1 — 4Yk + 2Ypr1 Pkt — hyp—
t = = "t ~ — k =1,2,.
f( k)) fk Ye — Yk 2h2 2h2 ) ) 4y

coy M,

with yo = yn+1 = 0. These discrete approximations form the tridiagonal system

-4 2-—-h Y1 f
2+ h —4 2—h Y2 fa
2+h —4 2—h Yn—1 fnfl



Solutions

Solutionsfor exercisesin section 1. 5

1'51 (a‘) (07_1) (C) (17_1) (e) ( 3017 10(1)1)
152, () 01) () 1) (© 1) @ (100
1.5.3. Without PP: (1.01, 1.03) ~ With PP: (1,1)  Exact: (1, 1)
1 .00 .333 333 1 .500 .333 333
1.5.4. (a) .00 333 .250 333 | — [ 0 .083 .083 .166
333 250 .200 .200 0 .083 .089 .089
1 .500 .333 333
— | 0 .083 .083 .166 z=—.077/.006 = —12.8,
0 0 .006 —.077
= (.166 — .0832)/.083 = 14.8, x = .333 — (.5y + .333z) = —2.81
1 .500 .333 .333 1 .500 .333 .333
(b) 500 .333  .250 333 — [ 1 .666 .500 .666
333 .250 .200 .200 1 .751 .601 .601
1 .500 .333 .333 1 .500 .333 .333
— [ 0 .166 .167 333 ] — [0 .251 .268 .268
0 .251 .268 .268 0 .166 .167 .333
1 .500 .333 .333
— [ 0 .251 .268 .268 z=—.156/.01 = —15.6,
0 0 —-.01 .156
y = (.268 — .2682)/.251 = 17.7, x = .333 — (.by + .3332) = —3.33
1 .500 .333 .333 1 .500 .333 .333
(c) 000 333 .250 3331 — [ 1 .666 .500 .666
333 .250  .200 .200 1 751 .601 .601
1 .500 .333 .333 1 .500 .333 .333
— | 0 .166 .167 333 | — [ 0 .994 1 1.99
0 .251 .268 .268 0 .937 1 1
1 .500 .333 333
— (0 994 1 1.99 z = —.88/.057 = —15.4,
0 0 .057 —.880
y=(1.99—2)/.994 =175, z=.333 — (.5y+ .333z) = —3.29
(d z=-3, y=16, z=-14
1.5.5. (a)

.0055z + .095y + 960z = 5000
.0011z + . 0ly 4 112z = 600
.0093zx + .025y + 560z = 3000



1.5.6.

1.5.7.

1.5.8.

Solutions

(b)  3-digit solution = (55,900 lbs. silica, 8,600 lbs. iron, 4.04 lbs. gold).
Exact solution (to 10 digits) = (56, 753.68899, 8,626.560726, 4.029511918). The
relative error (rounded to 3 digits) is e, = 1.49 x 1072

(¢) Let u=2/2000, v=y/1000, and w = 12z to obtain the system

11lu + 95v + 80w = 5000
2.2u + 10v 4+ 9.33w = 600
18.6u + 25v + 46.7w = 3000.

(d) 3-digit solution = (28.5 touns silica, 8.85 half-tons iron, 48.1 troy oz. gold).
Exact solution (to 10 digits) = (28.82648317, 8.859282804, 48.01596023). The
relative error (rounded to 3 digits) is e, = 5.95 x 1073. So, partial pivoting
applied to the column-scaled system yields higher relative accuracy than partial
pivoting applied to the unscaled system.

(a) (—8.1,—6.09) = 3-digit solution with partial pivoting but no scaling.

(b) No! Scaled partial pivoting produces the exact solution—the same as with
complete pivoting.

(a) 2n7t (b) 2

(¢) This is a famous example that shows that there are indeed cases where par-
tial pivoting will fail due to the large growth of some elements during elimination,
but complete pivoting will be successful because all elements remain relatively
small and of the same order of magnitude.

Use the fact that with partial pivoting no multiplier can exceed 1 together with
the triangle inequality |a+ 5| < |a| + |8] and proceed inductively.

Solutionsfor exercisesin section 1. 6

1.6.1.

1.6.2.

1.6.3.

1.6.4.

1.6.5.

(a) There are no 5-digit solutions. (b) This doesn’t help—there are now infinitely
many 5-digit solutions. (¢) 6-digit solution = (1.23964, —1.3) and exact solution
=(1,-1) (d) 11 =712 =0 (e) r1 = —1075 and 75 = 10~7 (f) Even if computed
residuals are 0, you can’t be sure you have the exact solution.

(a) (1,—1.0015) (b) Ill-conditioning guarantees that the solution will be very
sensitive to some small perturbation but not necessarily to every small perturba-
tion. It is usually difficult to determine beforehand those perturbations for which
an ill-conditioned system will not be sensitive, so one is forced to be pessimistic
whenever ill-conditioning is suspected.

(a) mi1(5) = ma(5) = —1.2519, my(6) = —1.25187, and mo(6) = —1.25188
(¢) An optimally well-conditioned system represents orthogonal (i.e., perpen-
dicular) lines, planes, etc.

They rank as (b) = Almost optimally well-conditioned. (a) = Moderately well-
conditioned. (¢) = Badly ill-conditioned.

Original solution = (1,1,1). Perturbed solution = (—238,490, —266). System
is ill-conditioned.



Solutionsfor Chapter 2

Solutionsfor exercisesin section 2. 1

2.1.1.

2.1.2.
2.1.3.

12 3 3
(a) 10 2 1 0] is one possible answer. Rank = 3 and the basic columns
0 0 0 3

12 3
0 2 2
are {A,1,A.2,Au}. (b) | 0 0 —8 | is one possible answer. Rank = 3 and
00 O
0 0 0

every column in A is basic.

2 11 3 0 4 1
002 -2 1 -3 3
(c) 8 8 8 8 _(1) (?; _(1) is one possible answer. The rank is 3, and
0 0 O 0 0 0 0
0 0 O 0 0 0 0

the basic columns are {A.1, A3, Ass}.

(c) and (d) are in row echelon form.

(a) Since any row or column can contain at most one pivot, the number of pivots
cannot exceed the number of rows nor the number of columuns. (b) A zero row
cannot contain a pivot. (c¢) If one row is a multiple of another, then one of
them can be annihilated by the other to produce a zero row. Now the result
of the previous part applies. (d) One row can be annihilated by the associated
combination of row operations. (e) If a column is zero, then there are fewer than
n basic columns because each basic column must contain a pivot.

2.1.4. (a) rank(A) =3 (b) 3-digit rank (A) =2 (c) With PP, 3-digit rank (A) =3
2.1.5. 15
¥ ok % *
2.1.6. (a) No, consider the form | 0 0 0 0] (b) Yes—in fact, E is a row
0 0O *
echelon form obtainable from A .
Solutions for exercisesin section 2. 2
10 2 0
22.1. (a) [0 1 3 0 and A3 =2A.1+ 1A
00 0 1



2.2.2.
2.2.3.

2.2.4.

2.2.5.

Solutions

110 20 20

0 01 -1 0 0 1

0 0 O 01 -3 1
® 1o 00 00 oof

0 0 O 0 0 0 0

0 0 O 0 0 0 0
A*Q = %A*h A*4 = 2A*1 *A*?n A*G = 2A*1 73A*5a A*7 = A*3+A*5
No.

The same would have to hold in Ea, and there you can see that this means not
all columns can be basic. Remember, rank (A) = number of basic columns.

1 00 1 0 -1
(a) 10 1 0 (by {0 1 2] A,3 is almost a combination of A,
0 0 1 0 0 0

and A,o. In particular, A,z ~ —A, + 2A,-.
E*l - 2E*2 - E*?) and E*Q - %E*l + %E*S

Solutionsfor exercisesin section 2. 3

2.3.1.

2.3.3.

2.3.4.

2.3.5.

2.3.6.
2.3.7.

2.3.8.

(a), (b)—There is no need to do any arithmetic for this one because the right-
hand side is entirely zero so that you know (0,0,0) is automatically one solution.
(d), (f)

It is always true that rank (A) < rank[A|b] < m. Since rank(A) = m, it
follows that rank[A|b] = rank (A).

Yes—Consistency implies that b and c¢ are each combinations of the basic
columns in A.If b=> F;A., and ¢ =) vA., where the Ay, ’s are the
basic columns, then b+ ¢ = > (8; + 7)) A, = DA, where & = 5; + i
so that b + ¢ is also a combination of the basic columns in A .

Yes—because the 4 x 3 system «+ Bz; +y2? = y; obtained by using the four
given points (x;,y;) is consistent.

The system is inconsistent using 5-digits but consistent when 6-digits are used.
If z, y, and z denote the number of pounds of the respective brands applied,
then the following constraints must be met.

total # units of phosphorous =2z + y+ z =10
total # units of potassium = 3x + 3y =9
total # units of nitrogen = 5z + 4y + z = 19

Since this is a consistent system, the recommendation can be satisfied exactly.
Of course, the solution tells how much of each brand to apply.

No—if one or more such rows were ever present, how could you possibly eliminate
all of them with row operations? You could eliminate all but one, but then there
is no way to eliminate the last remaining one, and hence it would have to appear
in the final form.



Solutions

Solutionsfor exercisesin section 2. 4

2.4.1.

2.4.2.

2.4.3.

2.4.4.
2.4.5.

2.4.6.
2.4.7.

2.4.8.

—2 -1 . -1 -1
2 _
(a) a9 (1) + x4 _(1) (b) vy 1 (c) z3 1 + x4 (1)
0 1 0 0 1
(d) The trivial solution is the only solution.
0 1
0 and — %
0 0
-2 -2
1 0
i) 0 + x4 -1
0 1
0 0
rank (A) =3
(a) 2—because the maximum rank is 4.  (b) 5—because the minimum rank is

1.
Because r =rank (A)<m<n = n-—r>0.

There are many different correct answers. One approach is to answer the question
“What must Ea look like?” The form of the general solution tells you that
rank (A) = 2 and that the first and third columns are basic. Consequently,

1 o« 0 O
Ea=10 0 1 ~ so that ©1 = —axs — fzy and x3 = —7yxy gives rise
0 0 0 O
—a -3
. 1 0
to the general solution zo 0 + 24 | Therefore, a = 2, [ = 3,
0 1
and v = —2. Any matrix A obtained by performing row operations to Ea

will be the coefficient matrix for a homogeneous system with the desired general
solution.

If 3,z h; is the general solution, then there must exist scalars «; and ; such
that C; = Z; Oéihl' and Coy = Zi ﬂzhl Therefore, c1 +cCcy = Zi(ai + ﬂz)hu
and this shows that c; +c2 is the solution obtained when the free variables xy,
assume the values zy, = a; + ;.

Solutionsfor exercisesin section 2. 5

2.5.1.

-1

0 1 0 2

(a) + 29 + 4 Mm) 0] +y 1
2 0 -1 9 0
0 0 1



2.5.2.

2.5.3.

2.5.4.

2.5.5.
2.5.6.

2.5.7.

2.5.8.

Solutions

2 -1 -1

-1 -1 1 3

(c) o | s 1] T 0 (d) :il%
0 0 1

From Example 2.5.1, the solutions of the linear equations are:

1 =1—1x3 — 214
T = 1-— T3

3 is free

x4 is free

1'5:—].

Substitute these into the two constraints to get xz3 = +1 and x4 = +1. Thus
there are exactly four solutions:

—2 2 0 4
0 0 2 2
1, 1, -1, | -1
1 1 1 1

1 -1 1 -1

(a) {(3,0,4), (2,1,5), (1,2,6), (0,3,7)} See the solution to Exercise 2.3.7 for
the underlying system.  (b) (3,0,4) costs $15 and is least expensive.
(a) Consistent for all «.  (b) « # 3, in which case the solution is (1,—1,0).

1 0
(c) a =3, in which case the general solution is [ —1 | +=z [ —3
0 1
No
1 0 0
0 1 0
Ea=1[0 0 1
0 0
0 0 0/ isn
See the solution to Exercise 2.4.7.
—.3976 —.7988
(a) 0 +y 1 (b) There are no solutions in this case.
1 0
1.43964
(c) -2.3

1



Solutions 9

Solutionsfor exercisesin section 2. 6

2.6.1. (a) (1/575)(383,533,261,644, —150,—111)

2.6.2. (1/211)(179,452, 36)

2.6.3. (18, 10)

2.6.4. (a) 4 (b) 6 (¢) 7 loops but only 3 simple loops. (d) Show that
rank ([A|b]) =3  (g) 5/6



10

Solutions

I fear explanations explanatory of things explained.
— Abraham Lincoln (1809-1865)



Solutions for Chapter 3

Solutionsfor exercisesin section 3. 2

0

3.2.1. (b) z=-3

5, y=—06, and z=0

(a) X:(

1

3
(a) Neither (b) Skew symmetric (¢) Symmetric (d) Neither
The 3 x 3 zero matrix trivially satisfies all conditions, and it is the only pos-
sible answer for part (a). The only possible answers for (b) are real symmetric
matrices. There are many nontrivial possibilities for (c).
A=AT and B=BT — (A+B)" = AT+ BT = A +B. Yes the
skew-symmetric matrices are also closed under matrix addition.
(a) A=-AT = q;;=—ay. If i=j, then a;; = —ajj;
(b) A=—-A* = aq;; =—Gj;. If i =7, then a;; = —a;;. Write a;; = x+iy
to see that a;; = —a;; == z+iy=-2+iy = =0 == a;; is pure
imaginary.
(¢) B*=(iA)* = —iA* = —iA' = —iAT = —iA = - B.
(a) Let S=A+AT and K=A—A7. Then ST = AT+AT" = AT+ A =S.
Likewise, KT = AT — ATT — AT _ A = K.
(b) A= %—l—% is one such decomposition. To see it is unique, suppose A = X+
Y, where X = X7 and Y = -Y7. Thus, AT=XT4+YT=X-Y = A+
AT = 2X, so that X = A+TAT = % A similar argument shows that Y =

2
3.2.2.
3.2.3.

3.2.4.

3.2.5. — a;; =0.

3.2.6.

A72AT _ %
3.2.7. (a) [(A+B)"];; = [A+B]; = [A+B], = [A];i + [B]; = [A*];; + [B*];; =
[A* +B*];; -
(b) [(@A)7];; = [aA];; = [aA]j; = a[A]; = a[A*];;
1 -1 0 0 0
-1 2 -1 0 0
-1 2 0 0
3.2.8. k . .
0 0 0 2 -1
0 0 0 -1 1

Solutionsfor exercisesin section 3. 3

3.3.1. Functions (b) and (f) are linear. For example, to check if (b) is linear, let

A= <Z;> and B = (Z;), and check if f(A+ B) = f(A) + f(B) and
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f(aA) = af(A). Do so by writing

saem =g (G = ()= () () - s+ e

f(aA) =f(§Z;) = (j;‘f) :a(gj> = af(A).

T Y
. n . L2 Y2

3.3.2. Write f(x) =73, &ux;. Forall points x = | . and y=1| . |, and for
Ln Yn

all scalars «, it is true that

flax+y) = Zfz‘(al’i +yi) = Z&‘Oéxi + Zfiyi
=1 i=1 i=1

=a) Gri+ Y Lyi=af(x) +[(y)
=1 =1

3.3.3. There are many possibilities. Two of the simplest and most common are Hooke’s
law for springs that says that F' = kxz (see Example 3.2.1) and Newton’s second
law that says that F' = ma (i.e., force = mass x acceleration).

3.3.4. They are all linear. To see that rotation is linear, use trigonometry to deduce

that if p= <i1>, then f(p)=u= <51>, where
2 2

uy = (cos@)x; — (sinf)xs

ug = (sin@)x1 + (cos 0)z,.

f is linear because this is a special case of Example 3.3.2. To see that reflection
is linear, write p = <2> and f(p) = ( 2) . Verification of linearity is
straightforward. For the projection function, use the Pythagorean theorem to
conclude that if p = <2> , then f(p)= O“Qﬂ (1) . Linearity is now easily

verified.
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Solutionsfor exercisesin section 3. 4

3.4.1. Refer to the solution for Exercise 3.3.4. If Q, R, and P denote the matrices
associated with the rotation, reflection, and projection, respectively, then

1
_ [ cos —sind (1 0 (2
Q(sin9 cos@)’ R(O —1>’ and P(% )
3.4.2. Refer to the solution for Exercise 3.4.1 and write
1 0 cosf) —sinf cosf —sinf
RQ_(O —1) (sin@ cos@>_(—sin9 —cos@)'
If Q(x) is the rotation function and R(x) is the reflection function, then the

composition is
o) - (_zgn~(inermy

(sin@)x1 — (cosO)xzo

Nl= N[

3.4.3. Refer to the solution for Exercise 3.4.1 and write

o a1121 + a12x9 cosf) —sinf 1 0
PQR = <a21x1+a22x2) (sin9 cosf)) <0 1>

_ 1 (cosf+sinf sind —cos6

" 92\ cosf+sinf sinh —cosh )’

Therefore, the composition of the three functions in the order asked for is

1 ((cos@+sinf)zy + (sinf — cos0)x
P (Q (R(X))> T2 ( (cos B + sin G)xi + (sinf — cos G)xz ) )

Solutionsfor exercisesin section 3.5

10 15
3.5.1. (a) AB= |12 8 (b) BA does not exist (¢) CB does not exist
28 52
13 -1 19
(d) CTB=(10 31) (e) A2=1]16 13 12 (f) B? does not exist
36 —17 64
1 2 3 5 8 17
g CTC=14 () CCT=[2 4 6 (i) BB" = [ 8 16 28
3 6 9 17 28 38

. 10 23
(j) BTB = (23 69> (k) CTAC =76
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Solutions

2 11 1 3 1
35.2. (a) A=[4 0 2| ,x=]z |.b=[ 10 (b) s= [ —2
2 2 0 I3 -2 3
(c) b=A, —2A,,+3A,3
Al*
3.5.3. (a) EA = A, (b) AE= (A, +3A A, A)
3A1* +A3*

3.5.4. (a) A*j (b) Az* (C) (%7%]

3.5.5. Ax=BxV x — Aej = Bej v €; — A*j = B*j A j — A =B.
(The symbol V is mathematical shorthand for the phrase “for all.”)

3.5.6. The limit is the zero matrix.

3.5.7. If A is m xp and B is p X n, write the product as

Bl*
B2*
AB = (A*l A*Q e A*p) : = A*lBl* + A*QBQ* + -+ A*po*
B,.
p
k=1
3.5.8. (a) [AB]Z] = Al*B*] = (0 - 0 (0777 tee am) béj is 0 when ¢ > _]
0
(b) When ¢ = j, the only nonzero term in the product A;.B.; is a;;bi;.
(¢) Yes.

3.5.9. Use [ABJ;; =Y, a;by; along with the rules of differentiation to write

d[ABli; _ d (3, airbr;) 3 d(airbr;)

dt dt dt
k

CTREICHIS SIS .
k k

dA B dA B
_ |%Ap ALl Z YA A
[dt ]ﬁ[ dt]i. [dt + dtLj

3.5.10. (a) [Cel]; = the total number of paths leaving node i.
(b) [eT'C]; = the total number of paths entering node i.



Solutions

3.5.11. At time ¢, the concentration of salt in tank 4 is IT(t) lbs/gal. For tank 1,

dr; lbs L. lIbs . Ibs gal  x1(t) Ibs
—— = — coming in — — going out =0— — | r=— X —
dt sec sec sec sec vV gal
r lbs
= ——u(t)—.
Vxl( )sec
For tank 2,
dry _ Ibs coming in — Ibs oing out = —x (t)lb—S - Tg_al X z2(t) Ibs
dt  sec & sec ome TV T sec sec VvV gal
r Ibs r lbs r
= Tt = Tea(t) = = (w0 — a(0))
and for tank 3,
dos _ 1bs coming in — Ibs oing out = —z (t)lb—s - Tg_al X z3(t) Ibs
dt  sec & sec gome T VT sec sec V' gal
r lbs r lbs r
= —ay(t)— — —a3(t)— = — (x2(t) — z3(t) ).
ng( )sec sz( )sec V(xZ( ) — sl )>

This is a system of three linear first-order differential equations

dzy
dt
dx 2

= = %( z1(t) — wa(t) )

dSC3 7.(
a Vv

that can be written as a single matrix differential equation

d.’l?l/dt -1 0 0 X1 (t)
dos/fdt | = % 1 -1 0| z(t)
d$3/dt 0 1 -1 .rg(t)
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Solutionsfor exercisesin section 3. 6

3.6.1.
B
AB — A A Agg B; _ (AnBi+A;2Bs + Ay3By
Ay Ay A B, A21B; + AypBs 4+ AyxsBs
—-10 -19
_ [ -10 —19
-1 -1

3.6.2. Use block multiplication to verify L? = I—be careful not to commute any of
the terms when forming the various products.

I C

3.6.3. Partition the matrix as A = (O C

1 1 1
) , where C = % 1 1 1| andobserve
1 1 1
that C? = C. Use this together with block multiplication to
A (1 Ct+C2iC .+ck> B (1 k:C)
0 Ck —\o C )

conclude that

100 100 100
100 100 100
100 100 100
1/3 1/3 1/3
1/3 1/3 1/3
0 1/3 1/3 1/3
3.6.4. (A"A) = A*A** — A*A and (AA")" = A**A* = AA".
3.6.5. (AB)" = BTA” = BA = AB. It is easy to construct a 2 x 2 example to show
that this need not be true when AB # BA.
3.6.6.

Therefore, A300 =

OO OO
OO OO+~ O
S OO+ OO

(D+E)F]; =(D+E).F.; =Y [D+E[;[Fly; = (Dl + [Eli) [Fli
k k

= ([Dlik[Fli; + [Eli[Flis) = Y [Dlik[Flij + > _[Eli[Flx;
k k

k
= D;.F.; + Ei.F,; = [DF];; + [EF];;
= [DF + EFJ;;.

3.6.7. If a matrix X did indeed exist, then

I=AX-XA = trace(I) =trace (AX —XA)
= n = trace (AX) —trace (XA) =0



Solutions

3.6.8.

3.6.9.

3.6.10.
3.6.11.

3.6.12.
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which is impossible.

(a) yT’A =bT = (yTA)T b7 = ATy = b. This is an n xm
system of equations whose coefficient matrix is A”.  (b) They are the same.
Draw a transition diagram similar to that in Example 3.6.3 with North and South
replaced by ON and OFF, respectively. Let xj be the proportion of switches in
the ON state, and let y; be the proportion of switches in the OFF state after
k clock cycles have elapsed. According to the given information,

T = {Ekfl(.].) + ykfl(.?))
Y = Ik—l(-g) + yk_l(.7)
so that pr = prx_1P, where

1.9
pr = (zr yr) and P(.3 ‘7>.

Just as in Example 3.6.3, pi = poP*. Compute a few powers of P to find
P2 _ 280 .720 ps_ 244 756
.240 .760 )’ 252 748

pi_ (251 749 ps_ (250 750
250 750 ) 250 750

o 1: s (1/4 3/4 )
and deduce that P*° = lim;_ . P _<1/4 3/4 . Thus

pr — PoP™ = (3(zo+w0) F(xo+w))=(3 3)-
For practical purposes, the device can be considered to be in equilibrium after
about 5 clock cycles—regardless of the initial proportions.
(-4 1 -6 5)
(a) trace (ABC) = trace (A{BC}) = trace ({BC}A) = trace (BCA). The
other equality is similar. (b) Use almost any set of 2 x 2 matrices to con-
struct an example that shows equality need not hold.  (¢) Use the fact that
trace (CT) = trace (C) for all square matrices to conclude that

trace (ATB) =trace ((ATB)T) = trace (BTATT)
=trace (BTA) = trace (ABT).
(a) xTx=0+=>Y,_ 2?2 =0<= 2, =0 for each i & x=0.
(b) trace (ATA) =0« Z[ATA]” =0<«<= Z (AT)Z‘*A*Z‘ =0

< ZZ[AT]M[A]M =0 <= ZZ[A]]“[A]M =0
% k % k

- Z Z[A]iz =0
i k

<= [A]g;i =0 for each k and i <= A =0
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Solutionsfor exercisesin section 3. 7

s o 2 —4 3
3.7.1. (a) ( ) (b) Singular (¢) |4 -7 4 (d) Singular
-1 1
5 —8 4
2 -1 0 0
-1 2 -1 0
© 1 0 1 2 1
0 0 -1 1
3.7.2. Write the equation as (I — A)X = B and compute

1 -1 1 1 2 2 4
X=I-A)"'B=[0 1 -1 2 1|=|-1 -2
0 0 1 3 3 3 3

3.7.3. In each case, the given information implies that rank (A) < n—see the solution
for Exercise 2.1.3.
3.7.4. (a) If D is diagonal, then D! exists if and only if each d;; # 0, in which case

dy 0 - 0\ " 1/dyy 0 - 0
0 d22 0 0 1/d22 0
0 0 - duy 0 0 - 1/dpm

(b) If T is triangular, then T~! exists if and only if each t; # 0. If T
is upper (lower) triangular, then T~! is also upper (lower) triangular with
[T~ i = 1/t

3.7.5. (A1) = (A7) = AL

3.7.6. Start with A(I— A) = (I — A)A and apply (I - A)~! to both sides, first on
one side and then on the other.

3.7.7. Use the result of Example 3.6.5 that says that trace (AB) = trace (BA) to
write

m = trace (1) = trace (AB) = trace (BA) = trace (I,,) = n.

3.7.8. Use the reverse order law for inversion to write

1

[A(A+B)'B] ' =B '(A+B)A' =B '+ A"}

and
[B(A+B)'A] ' =A Y(A+BB ' =B '+AL

3.79. (a) I-S)x=0 = xx'I-S)x=0 = x'x=x"Sx. Taking trans-
poses on both sides yields x7x = —x”Sx, so that x’x = 0, and thus x = 0
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(recall Exercise 3.6.12). The conclusion follows from property (3.7.8).
(b) First notice that Exercise 3.7.6 implies that A = (I + S)I—-S)™! =
(I-S)~'(I+S). By using the reverse order laws, transposing both sides yields
exactly the same thing as inverting both sides.

3.7.10. Use block multiplication to verify that the product of the matrix with its inverse
is the identity matrix.

3.7.11. Use block multiplication to verify that the product of the matrix with its inverse
is the identity matrix.

A B DT BT s
3.7.12. Let M = <C D) and X = (CT AT>' The hypothesis implies that

MX = I, and hence (from the discussion in Example 3.7.2) it must also be
true that XM = I, from which the conclusion follows. Note: This problem
appeared on a past Putnam Exam-—a national mathematics competition for
undergraduate students that is considered to be quite challenging. This means
that you can be proud of yourself if you solved it before looking at this solution.

Solutionsfor exercisesin section 3. 8

1 2 -1
381. (a) Bl'=10 -1 1
1 4 =2

0 0 -2 1

(b) Let c=|[ 0| and dT = (0 2 1) to obtain C~! = 1 3 -1

1 -1 —4 2

3.8.2. A,; needs to be removed, and b needs to be inserted in its place. This is
accomplished by writing B = A+(bfA*j)e§1. Applying the Sherman—Morrison
formula with ¢ =b — A,; and d” =e] yields

A7'(b— A, el A A~'bef A —ejelAT!

Bl=A"1— =A"1—
1+elA-1(b-A,j) 1+elA-lb—ele;
Al A"DAT]j —ej[AT] Al (A7'b —e;)[A "]
[A~1];:b [A-1];.Db
3.8.3. Use the Sherman—Morrison formula to write
A-1lcdTA? A~ lcdTA b
= (A dYy"b=(A'-Z—— — Jp=A"lpb-— — — —
2=(Ated) ( 1+ dTATc 1+ dTATc
o ydTx
B 1+dTy’

3.8.4. (a) For a nonsingular matrix A, the Sherman—Morrison formula guarantees
that A + ae;e] is also nonsingular when 1+ o [Afl]ji # 0, and this certainly
will be true if « is sufficiently small.
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3.8.5.

3.8.6.

3.8.7.

3.8.8.

Solutions

(b) Write Eyxm = [€5] = nyjzl eijeie? and successively apply part (a) to

I+E= (((I + 611616{) + 6126165) +---+ 6mmeme£>

to conclude that when the ¢;; ’s are sufficiently small,
I+ enelelT, ((I + euelelT) + elgeleg), ..., I+E

are each nonsingular.

Write A +eB = A(I+ A~ 'eB). You can either use the Neumann series result
(3.8.5) or Exercise 3.8.4 to conclude that (I+ A~'eB) is nonsingular whenever
the entries of A~'eB are sufficiently small in magnitude, and this can be insured
by restricting € to a small enough interval about the origin. Since the product
of two nonsingular matrices is again nonsingular—see (3.7.14)—it follows that
A +eB=A(I+ A 1eB) must be nonsingular.

Since
I C A C I 0\ [(A+ cDT o
0 I DT -1 DT 1)~ 0 -1/’

we can use R =D7 and B = —I in part (a) of Exercise 3.7.11 to obtain
< I O) (A‘1 +A-1CSIDTA! —A_1CS_1) (I —C)

DT 1 —S~IDTA! st 0 I
(A+cD?)™" o
0 1)

where S = — (I + DTA_lC) . Comparing the upper-left-hand blocks produces
(A+CD”) ' —=A'—A"'C(I+D7A'C) DTA L

The ranking from best to worst condition is A, B, C, because

L (211
e 1] = k(A)=20=2x 10"
004, 7 1

—1465 -—161 17

B!= 173 19 -2 | = k(B)=149,513~ 1.5 x 10°
82 -9 1
—42659 39794 —948
Ccl= 2025 —1889 45 | = kK(C)=82,900,594 ~ 8.2 x 10".

45 —42 1
(a) Differentiate A(t)A(t)~! =T with the product rule for differentiation (re-
call Exercise 3.5.9).

(b) Use the product rule for differentiation together with part (a) to differen-
tiate A(t)x(t) = b(t).
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Solutionsfor exercisesin section 3. 9

3.9.1.

3.9.2.

3.9.3.

3.9.4.

(a) If G1,Ga,..., Gy is the sequence of elementary matrices that corresponds
to the elementary row operations used in the reduction [A|I] — [B|P], then

Gk s GQGl[A|I] = [B|P] — [Gk s GgGlA | Gk s G2GlI] = [B|P]
= Gp---GyGiA=B and Gr---GoG; =P.

(b) Use the same argument given above, but apply it on the right-hand side.

Gauss—Jordan

(c) [AI] ————— [EA|P] yields

1 2 3 4 100 1 2 30 -7 4 0
2 4 6 7 01 0]—1(0 001 2 -1 0
1 2 3 6 0 01 0 00 O -5 21
-7 4 0
Thus P = 2 -1 0 is the product of the elementary matrices corre-
-5 21

sponding to the operations used in the reduction, and PA = Ex.
(d) You already have P such that PA = Ea. Now find Q such that EAQ =
N, by column reducing Ea. Proceed using part (b) to accumulate Q.

1 2 3 0 1 0 2 3 1 0 O 0
0 0 0 1 01 0 0 01 O 0
0 0 0 O 0 0 0 O 0 0 O 0
Ea
[f] -—!11 0 0 Of—(1 0 O O —]1 0 -2 -3
01 0 O 0 0 1 0 0 0 1 0
0 0 1 0 0 0 0 1 0 0 0 1
0 0 0 1 01 0 0 0 1 0 0

(a) Yes—because rank(A) = rank(B). (b) Yes—because Ex = Eg.
(¢) No—Dbecause Epr # Egr.

The positions of the basic columns in A correspond to those in Ea. Because
AT B <« Ep = Eg, it follows that the basic columns in A and B must
be in the same positions.

An elementary interchange matrix (a Type I matrix) has the form E =1 —uu?,
where u = e; — e;, and it follows from (3.9.1) that E = ET = E~!. If
P =E E5---E; is a product of elementary interchange matrices, then the re-
verse order laws yield

P! = (EE, - Ey) ' =E;'--E;'E?
—E! ---EIET = (E\E;---E;,)" =PT.
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3.9.5.

3.9.6.
3.9.7.

3.9.8.

Solutions

They are all true! A ~ I~ A~! because rank (A) =n =rank (A7'), A%
A1 because PA = A~ with P = (A‘l)2 =A"2 and A ' A=1 because
AQ = A~ with Q = A~2. The fact that A "X T and A ©' T follows since
ATTA=AA1=1

(a), (¢), (d), and (e) are true.

Rows ¢ and j can be interchanged with the following sequence of Type II and
Type III operations—this is Exercise 1.2.12 on p. 14.

R; — Rj+ R; (replace row j by the sum of row j and 1)

R; — R, — R; (replace row ¢ by the difference of row ¢ and j)
R; <~ R;+ R; (replace row j by the sum of row j and 7)

R; — —R; (replace row ¢ by its negative)

Translating these to elementary matrices (remembering to build from the right
to the left) produces

(I-2e.el)(I+eje] )1~ eie;‘-r)(I +eje] ) =I—uu’, where u=e; —e;.

Let Bpxr = [Aup, Asp, - - Ayp, ] contain the basic columns of A, and let C,xj,
contain the nonzero rows of Ea. If A, is basic—say A.; = A, —then
C.r =ej, and

(BC)*k = BC*k = Bej = B*j = A*b_,» = A*k.

If A, is nonbasic, then C,j is nonbasic and has the form

H1 1 0 0
H2 0 1 0
Cur = wl =" o SN P IR 7 I
0 0 0 0

= p1€1 + pa€g + - - + pje;,

where the e;’s are the basic columns to the left of C,x. Because A '~ Ea,
the relationships that exist among the columns of A are exactly the same as
the relationships that exist among the columns of Ea. In particular,
A= ,ulA*bl + MQA*bQ +--F ,UjA*bjy
where the A, ’s are the basic columns to the left of A,j;. Therefore,
(BC).r, = BC,;, = B (€1 + poes + -+ - + pj€;)

= p1Bug + peBuo + - + 1By

= ,UflA*bl + ,UZA*bg +--+ MjA*bj

= A*k-
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3.9.9. If A =uv”, where u,,x1 and v,x; are nonzero columns, then

1
uRe and vIRel — A=uvl~eel =N, = rank(A)=1.

Conversely, if rank (A) =1, then the existence of u and v follows from Exer-
cise 3.9.8. If you do not wish to rely on Exercise 3.9.8, write PAQ = N; = ejel,
where e; is m x 1 and el is 1 x n so that
A=Pleie]Q ' =(P7") (Q"),, =uv.
3.9.10. Use Exercise 3.9.9 and write
A=uw! — AZ%2= (uvT) (uvT) =u (vTu) vl = ruv? = 1A,

where 7 = vIu. Recall from Example 3.6.5 that trace (AB) = trace (BA),
and write

T = trace(r) = trace (v u) = trace (uv’) = trace (A).

Solutions for exercisesin section 3. 10

1 00 1 4 5 110
3.10.1. (a) L=14 1 0| and U= |0 2 6 (b) x1 = | —36 ] and
3 2 1 0 0 3 8
112
X9 = -39
10
124 —-40 14
() A7t=¢[—-42 15 —6
10 -4 2
3.10.2. (a) The second pivot is zero.  (b) P is the permutation matrix associated

with the permutation p=(2 4 1 3). P is constructed by permuting the
rows of I in this manner.

1 0 0 O 3 6 —12 3
L=lys o 1 o] @ U=l o & o
2/3 —1/2 1/2 1 00 0 -5

2

-1

(C) X= O
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3.10.3.
3.10.4.

3.10.5.

3.10.6.

3.10.7.

Solutions

£=0, V2, £V3
A possesses an LU factorization if and only if all leading principal submatrices
are nonsingular. The argument associated with equation (3.10.13) proves that

L, 0)\ /U L.'b _
CTUlzl 1 0 Cl]g+1,k+1—CTA};1b — HE+1VYE+1

is the LU factorization for Ajy;. The desired conclusion follows from the fact
that the k4 1'* pivot is the (k + 1,k + 1)-entry in Uj,;. This pivot must be
nonzero because Uy, is nonsingular.

If L and U are both triangular with 1’s on the diagonal, then L~! and U~!
contain only integer entries, and consequently A~! = U~!L~! is an integer
matrix.

1 0 0 O 2 -1 0 0
=121 0 0 o 32 -1 o0
M) L=1 5" o3 1 o @ U=|y o 43
0 0 -3/4 1 0 0 0 1/4

Observe how the LU factors evolve from Gaussian elimination. Following the

procedure described in Example 3.10.1 where multipliers ¢;; are stored in the
positions they annihilate (i.e., in the (4, j)-position), and where x’s are put
in positions that can be nonzero, the reduction of a 5 x 5 band matrix with
bandwidth w = 2 proceeds as shown below.

* x x 0 0 * * % 0 0 * *x x 0 0
* % x *x 0 lop x * % 0 lopy7 = * % 0
* K, x Kk x| —|l3x * x *x x| — |31 Iz * x *
0 x *x * =% 0 x *x * =% 0 lpo *x * =
0 0 % *x =% 0 0 % *x =% 0 0  x %
* x % 0 0 * x *x 00
lo1 * *x x 0 lo1 * *x *x 0
— 131 l32 * kK% — 131 132 * * %
0 l42 l43 *x X 0 l42 143 *x K
0 0 l53 *x K 0 0 l53 l54 *
0 0 0 0 * x x 0 0
121 1 0 0 0 0 x * x 0
Thus L = 131 32 1 0 0)Jand U=]0 0 % * %
l42 l43 1 0 0 0 0 % =
0 l53 l54 1 0 0 0 0 %

01 10
(2) A(lO () A<0 —1>
100 100 1 4 5
(a) L=(4 1 0], D=[0 2 0|,andU={0 1 3
32 1 00 3 00 1
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(b) Use the same argument given for the uniqueness of the LU factorization
with minor modifications.

() A =AT = LDU = U'DTL? = UTDL?. These are each LDU
factorizations for A, and consequently the uniqueness of the LDU factorization
means that U = LT,

1 00
3.10.10. A is symmetric with pivots 1, 4, 9. The Cholesky factoris R={ 2 2 0
3 3 3
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Solutions

It is unworthy of excellent men to lose hours
like slaves in the labor of calculations.
— Baron Gottfried Wilhelm von Leibnitz (1646-1716)



Solutions for Chapter 4

Solutionsfor exercisesin section 4. 1

4.1.1.
4.1.2.
4.1.3.
4.1.4.

4.1.5.
4.1.6.

4.1.7.

Only (b) and (d) are subspaces.

(a), (b), (f), (g), and (i) are subspaces.

All of R3.

If v €V is a nonzero vector in a space V), then all scalar multiples av must
also be in V.

(a) A line. (b) The (x,y)-plane. (c) ®3

Only (c) and (e) span R3. To see that (d) does not span R3, ask whether
or not every vector (z,y,z) € R can be written as a linear combination of
the vectors in (d). It’s convenient to think in terms columns, so rephrase the

x
question by asking if every b = [ y | can be written as a linear combination
z
1 2 4
of Svi=|2], vo= 0, vs=14 . That is, for each b € %3, are
1 —1 1

there scalars aj, s, a3 such that a;vy + asvs + agvy = b or, equivalently, is

1 2 4 oy T T
2 0 4 a | =1y consistent for all y |7
1 -1 1 o3 z z

This is a system of the form Ax = b, and it is consistent for all b if and only
if rank ([A|b]) = rank (A) for all b. Since

1 2 4 T 1 2 4 T
2 0 4 y|—1(0 —4 —4 y— 2z
1 -1 1 z 0 -3 -3 z—x
1 2 4 T
- 10 —4 -4 y— 2z ,
0

0 0 (x/2) — (3y/4) + =

it’s clear that there exist b’s (e.g., b = (1,0,0)7) for which Ax = b is not
consistent, and hence not all b’s are a combination of the v;’s. Therefore, the
v;’s don’t span R3.

This follows from (4.1.2).
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4.1.8.

4.1.9.

4.1.10.

4.1.11.

Solutions

(a) ,ve XNy = uveX and u,v €Y. Because X and )Y are
closed with respect to addition, it follows that u+v € X and u+v € ),
and therefore u+v € X N)Y. Because X and ) are both closed with respect
to scalar multiplication, we have that au € X and au € ) for all «, and
consequently au e X NY for all a.

(b) The union of two different lines through the origin in %2 is not a subspace.
(a) (A1) holds because xi, x2 € A(S) = x; = As; and x3 = Asy for
some S1,820 € S = X3 + X2 = A(s1 + s2). Since S is a subspace, it is
closed under vector addition, so s;+sy € S. Therefore, x; + x5 is the image of
something in § —namely, s; +ss —and this means that x; +x5 € A(S). To see
that (M1) holds, consider ax, where « is an arbitrary scalar and x € A(S).
Now, x € A(S) = x=As forsome s€ S = ax = aAs = A(as).
Since S is a subspace, we are guaranteed that as € S, and therefore ax is the
image of something in §. This is what it means to say ax € A(S).

(b) Prove equality by demonstrating that span {Asi, Ass,..., As;} C A(S)
and A(S) C span {As;, Asa,...,As;}. To show span {Asi, Ass,...,As;} C
A(S), write

k k
x € span {Asy, Asy, ..., Aspy} = x= Zai(Asi) =A <Z aisZ) € A(S).
i=1 i=1
Inclusion in the reverse direction is established by saying

k

x€A(S§) = x=AsforsomesecS = S:Z@Si
i=1

k k

= x=A (Z ﬁisi> = Zﬁi(Asi) € span{Asy, Ass, ..., As;}.
i=1 i=1

(a) Yes, all of the defining properties are satisfied.

(b) Yes, this is essentially R2.

(c) No, it is not closed with respect to scalar multiplication.

If span (M) = span (N), then every vector in N must be a linear combination

of vectors from M. In particular, v must be a linear combination of the m; ’s,

and hence v € span (M). To prove the converse, first notice that span (M) C

span (N). The desired conclusion will follow if it can be demonstrated that

span (M) 2 span (N). The hypothesis that v € span (M) guarantees that

v=>"_,Bm, If z € span(N), then

r T T
7 = E a;m; + v = E a;m; + Qg E Bim;
i1 i1 i=1

= Z (ai + Oér+15i)mz‘,

i=1
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4.1.12.

29

which shows z € span (M), and therefore span (M) D span (N).

To show span(S) € M, observe that x € span(S) = x =) . oV,
If V is any subspace containing S, then ) . o;v; € V because V is closed
under addition and scalar multiplication, and therefore x € M. The fact that
M C span (S) follows because if x € M, then x € span (S) because span (S)
is one particular subspace that contains S.

Solutionsfor exercisesin section 4. 2

4.2.1.

4.2.2,

4.2.3.

4.2.4.

4.2.5.

4.2.6.

4.2.7.

1 1 4
R(A) = span 21,10 , N (AT) = span 1 ,
1 2 2
—2 2 -1
1 0 0
N (A) = span 0, | -31, | -4 ,
0 1 0
0 0 1
1 0
2 0
R (AT) = span 0], 1|1
-2 3
1 4

(a) This is simply a restatement of equation (4.2.3).

(b) Ax = b has a unique solution if and only if rank (A) =n (i.e., there are
no free variables—see §2.5), and (4.2.10) says rank (A) =n <= N (A) = {0}.
(a) It is consistent because b € R(A).

(b) It is nonunique because N (A) # {0} —see Exercise 4.2.2.

Yes, because rank[A|b] = rank (A) =3 = 3 x such that Ax = b—i.e.,
Ax = b is consistent.

(a) If R(A)=R", then

R(A)=R(I,) = A o I, = rank(A)=rank(I,) =n.

(b) R(A)=R(AT)=%" and N (A) =N (AT) = {0}.
Ea # Ep means that R(AT) # R(B”) and N(A) # N (B). However,
Ear = Egr implies that R(A) = R(B) and N (AT) = N (BT).
Demonstrate that rank (A, x,) =n by using (4.2.10). If x € N (A), then
Ax=0 — A;x=0 and Asx=0
= x€N(A)=R(A]) = 3Iy” suchthat x’ =y"A,
= x'x=yTAxx=0 = fo:() = x=0.

7
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4.2.8.

4.2.9.

4.2.10.

4.2.11.

4.2.12,

4.2.13.

Solutions

y'b=0VyeN(AT)=R(P]) = Py;b=0 = beN(Py;)=R(A)

x € R(A | B) <= 3y such that x = (A | B)y = (A | B) <§1> = Ay +
2

By; <= x€ R(A)+ R(B)

(a) p+ N (A) is the set of all possible solutions to Ax = b. Recall from (2.5.7)

that the general solution of a nonhomogeneous equation is a particular solution

plus the general solution of the homogeneous equation Ax = 0. The general

solution of the homogeneous equation is simply a way of describing all possible
solutions of Ax = 0, which is N (A).

(b) rank (Asxs) =1 means that N (A) is spanned by two vectors, and hence
N (A) is a plane through the origin. From the parallelogram law, p+ N (A) is
a plane parallel to N (A) passing through the point defined by p.

(¢) This time N (A) is spanned by a single vector, and p + N (A) is a line
parallel to N (A) passing through the point defined by p.

aeR (AT) <= 3y such that a”’ =yTA. If Ax =b, then

alx =yTAx = yTb,

which is independent of x.

(a) be R(AB) = 3 x suchthat b=ABx=A(Bx) = bec R(A)
because b is the image of Bx.

(b) xe N(B) = Bx=0 = ABx=0 =— x¢c N(AB).

Given any z € R(AB), the object is to show that z can be written as some
linear combination of the Ab;’s. Argue as follows. z € R(AB) — z = ABy
for some y. But it is always true that By € R (B), so

By = ayb; + asby + -+ - + a,, by,

and therefore z = ABy = a1Ab; + asAbs + -+ -+ a, Ab,.

Solutionsfor exercisesin section 4. 3

4.3.1.

4.3.2.

4.3.3.

(a) and (b) are linearly dependent—all others are linearly independent. To write
one vector as a combination of others in a dependent set, place the vectors as
columns in A and find Ea. This reveals the dependence relationships among
columns of A.

(a) According to (4.3.12), the basic columns in A always constitute one maximal
linearly independent subset.

(b) Ten—>5 sets using two vectors, 4 sets using one vector, and the empty set.
rank (H) < 3, and according to (4.3.11), rank (H) is the maximal number of
independent rows in H.
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4.3.4.

4.3.5.

4.3.6.

4.3.7.

4.3.8.
4.3.9.

4.3.10.
4.3.11.

4.3.12.
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The question is really whether or not the columns in

S L F

#1/1 1 1 10
A_#2|l 2 1 12
#3112 2 15
#4\1 3 2 17

are linearly independent. Reducing A to E A shows that 5+2S+3L—F =0.
(a) This follows directly from the definition of linear dependence because there
are nonzero values of a such that a0 = 0.

(b) This is a consequence of (4.3.13).

If each ¢;; # 0, then T is nonsingular, and the result follows from (4.3.6) and
(4.3.7).

It is linearly independent because

o o) el é)*% o) reei 1) = (0 0)

1 1 1 1 0
— a1 0 + ao 1 + a3 1 ! (0
0 0 1 1 0
0 0 0 1 0
1 1 1 1 ay 0 g 0
— 01 1 1 az | _ 0 s [ = 0
0 0 11 as 0 as 0
0 0 0 1 Qg Qy 0

A is nonsingular because it is diagonally dominant.

S is linearly independent using exact arithmetic, but using 3-digit arithmetic
yields the conclusion that S is dependent.

If e is the column vector of all 1’s, then Ae = 0, so that N (A) # {0}.
(Solution 1.) > . 0;Pu; =0 = P> .ou; =0 = > ou; =
0 — each a; =0 because the u;’s are linearly independent.

(Solution 2.) If A,,«, is the matrix containing the wu;’s as columns, then
PA = B is the matrix containing the vectors in P(S) as its columns. Now,

AT B = rank(B)=rank(A) =n,
and hence (4.3.3) insures that the columns of B are linearly independent. The
result need not be true if P is singular—take P = 0 for example.
If A,,xn is the matrix containing the u;’s as columns, and if

01 - 1
QTLX’I’L: : . .. )
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4.3.13.

4.3.14.

4.3.15.

Solutions

then the columns of B = AQ are the vectors in &’. Clearly, Q is nonsingular

so that A ¢ B, and thus rank (A) = rank (B). The desired result now follows
from (4.3.3).

(a) and (b) are linearly independent because the Wronski matrix W (0) is non-
singular in each case. (c) is dependent because sin®z — cos? z + cos 2z = 0.

If S were dependent, then there would exist a constant « such that 23 = a|z|3
for all values of x. But this would mean that

23 { 1 ifz>0,
o _

Tz T -1 ifz<o,

which is clearly impossible since « must be constant. The associated Wronski

matrix is
3 3
(33;2 3?;2) when x > 0,
W(z) = T
<3x2 3x2> when z < 0,

which is singular for all values of x.
Start with the fact that

AT diag. dom. — |b“| > |dl| + Z |bﬂ| and |a| > Z |Cj|
JFi J
1 C;
= > |bjil < |bis| —|di| and _Z\cj\afu,
2 ] 2 a

and then use the forward and backward triangle inequality to write

diC' |d2|
Dol = b — =2 SZVMHWZW
A [eT A [eT
|ci] |di] |ei
< (bl — 1 +|di|( SLT) T
( ) o al
doc:
< by — i = |z

Now, diagonal dominance of A7 insures that « is the entry of largest magni-
tude in the first column of A, so no row interchange is needed at the first step
of Gaussian elimination. After one step, the diagonal dominance of X guar-
antees that the magnitude of the second pivot is maximal with respect to row
interchanges. Proceeding by induction establishes that no step requires partial
pivoting.
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Solutionsfor exercisesin section 4. 4

4.4.1.

4.4.2.

4.4.3.

4.4.4.
4.4.5.

4.4.6.

4.4.7.

4.4.8.

dimR(A) = dimR (AT) =rank(A) =2, dmN(A)=n—-r=4-2=2,
and dlmN AT =m-r=3-2=1.
1
Bra) = ( ) N(AT) = -1
1
1 0 -2 -2 -1
2 0 1 0 0
Brarny =4 |0, [ 1]}, Bya = o, | =3|,]| -3
2 3 0 1 0
1 3 0 0 1
dim (span (S)) =3

(a) n+1 (See Example 44.1) (b) mn (c) 4o

Use the technique of Example 4.4.5. Find Ea to determine

2 2 -1
1 0 0
h=| 0|, ho=| 1], hy=] -2
0 1 0
0 0 1

is a basis for N (A). Reducing the matrix (V7 h;, hy, hs) to row echelon
form reveals that its first, second, and fourth columns are basic, and hence
{v, hy, h3} is a basis for N (A) that contains v.

Placing the vectors from A and B as rows in matrices and reducing

and

shows A and B have the same row space (recall Example 4.2.2), and hence A
and B span the same space. Because B is linearly independent, it follows that
B is a basis for span (A).

3=dimN (A) =n—r=4—rank(A) = rank(A) = 1. Therefore, any
rank-one matrix with no zero entries will do the job.

If v=ab;+absy+---+a,b, and v = B1by + G2by + --- + 8,b,,, then
subtraction produces

0= (a1 —f1)b1 + (a2 — B2)ba+ -+ + (v, — )by
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4.4.9.

4.4.10.

4.4.11.

4.4.12.

4.4.13.

Solutions

But B is a linearly independent set, so this equality can hold only if («;—3;) =0
for each 1 =1,2,...,n, and hence the «;’s are unique.
Prove that if {s1,s2,...,s;} is a basis for S, then {As;, Ass,...,As;} isa
basis for A(S). The result of Exercise 4.1.9 insures that

span {Asy, Ass, ..., As,} = A(S),

so we need only establish the independence of {As;, Ass, ..., As;}. To do this,
write

k k k
ZO{Z‘ (Asz) =0 — A (Z aisi> =0 = Zaisi S N(A)
i=1 i=1 i=1
k
= Z a;8; =0 because SNN(A)=0
i=1
== ap=ay=---=0ap =0

because {si,So,...,s;} is linearly independent. Since {As;, Asy,...,Asi} is
a basis for A(S), it follows that dim A(S) = k = dim(S).
rank (A) = rank (A — B+ B) <rank (A — B) + rank (B) implies that

rank (A) — rank (B) < rank (A — B).

Furthermore, rank (B) = rank(B— A+ A) < rank (B — A) 4+ rank (A) =
rank (A — B) + rank (A) implies that

- (rank (A) — rank (B)) < rank (A — B).

Example 4.4.8 guarantees that rank (A + E) < rank (A) + rank (E) = r + k.
Use Exercise 4.4.10 to write

rank (A + E) = rank (A — (—E)) > rank (A) — rank (-E) =r — k.

Let vi € V such that vi # 0. If span{vi} =V, then & = {vi} is an
independent spanning set for V, and we are finished. If span {vi} # V, then
there is a vector va € V such that vo ¢ span {v1}, and hence the extension set
Sy = {v1,v2} isindependent. If span (Sz) =V, then we are finished. Otherwise,
we can proceed as described in Example 4.4.5 and continue to build independent
extension sets S3, Sy, .... Statement (4.3.16) guarantees that the process must
eventually yield a linearly independent spanning set S with k& < n.

Since 0 = e"E = E{,+Es,+- - -+E,,., any row can be written as a combination
of the other m — 1 rows, so any set of m — 1 rows from E spans N (ET)
Furthermore, rank(E) = m — 1 insures that no fewer than m — 1 vectors
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4.4.14.

4.4.15.
4.4.16.

4.4.17.
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can span N (ET), and therefore any set of m — 1 rows from E is a minimal
spanning set, and hence a basis.

[EET]Z.J. = E,. (ET)*]. = E,. (Ej*)T = Y, eikeji. Observe that edge Ej
touches node N; if and only if e; = +1 or, equivalently, e? = 1. Thus
[EET]“. = >, €4 = the number of edges touching N;. If i # j, then

I if £y, is between N; and N
CikCik = 0 if E} is not between N; and N;

so that [EET] ;= >k €ik€jr = — (the number of edges between N; and Nj ).

Apply (4.4.19) to span (M UN) = span (M) + span (N) (see Exercise 4.1.7).
(a) Exercise 4.2.9 says R(A | B) = R(A) + R(B). Since rank is the same as
dimension of the range, (4.4.19) yields

rank (A | B) = dim R (A | B) = dim (R (A) + R(B))
— dim R (A) + dim R (B) — dim (R (A)N R (B))
= rank (A) + rank (B) — dim (R (A)N R (B)).
(b) Use the results of part (a) to write
dimN (A | B) =n+k — rank (A | B)
= (n—rank (A)) + (b — rank (B) ) +dim (R (A) N R(B))

= dim N (A) + dim N (B) + dim (R (A)NR (B)).

-1 1 -2 3 -2
-1 0 —4 2 -1
(¢) Let A= -1 0 —5| and B=| 1 0| contain bases for R(C)
-1 0 -6 0 1
-1 0 —6 0 1
and N (C), respectively, so that R(A) = R(C) and R(B) = N (C). Use

either part (a) or part (b) to obtain
dim (R (C)NN (C)) = dim (R (A)N R (B)) =2,
Using R(A | B) = R(A) + R(B) produces
dim (R(C) +N (C)) = dim (R (A)+R (B)) = rank (A | B) = 3.
Suppose A is m x n. Existence of a solution for every b implies R(A) = R™.

Recall from §2.5 that uniqueness of the solution implies rank (A) = n. Thus
m =dim R (A) = rank (A) =n so that A is m x m of rank m.
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4.4.18.

4.4.19.

4.4.20.

Solutions

(a) xS = x € span (Spmaz) —otherwise, the extension set & = Spya U{x}
would be linearly independent—which is impossible because £ would contain
more independent solutions than S,,4,. Now show span (Spmaz) C span {p} +
N (A). Since S = p+ N (A) (see Exercise 4.2.10), s; € S means there must
exist a corresponding vector n; € N (A) such that s; = p + n;, and hence

t t t t
x € span (Spmae) = X = Zaisi = Zai (p+mn;) = Zaip + Zaini
i=1 =1 i=1 i=1

= x € span{p}+ N (A)
= span (Smaz) C span {p} + N (A).

To prove the reverse inclusion, observe that if x € span {p}+ N (A), then there
exists a scalar « and a vector n € N (A) such that

x=ap+n=(a—1)p+(p+n).

Because p and (p + n) are both solutions, & C span(Smax) guarantees that
p and (p + n) each belong to span (Spmaz), and the closure properties of a
subspace insure that x € span (Spqz) . Thus span {p}+N (A) C span (Smaz) -
(b) The problem is really to determine the value of ¢ in Sy4.. The fact that
Smaz 18 a basis for span (Spa.) together with (4.4.19) produces

t = dim (span (Spae) ) = dim (span {p}+N (A))
= dim (span {p} ) + dim N (A) — dim <3pan {p} NN (A)>
=1+ (n-r)—0.

To show S,,4, is linearly independent, suppose

n—r

O—Ozop—l-zaz p-‘rh (Zaz>p+zaz -

i=1

Multiplication by A yields 0 = (Zl o al)b which implies Y7 a; = 0,

and hence Y !~ a;h; = 0. Because H is independent, we may conclude that
a1 = ag = -+ = a,_ = 0. Consequently, agp = 0, and therefore ag = 0
(because p # 0), so that Sy, is an independent set. By Exercise 4.4.18, it
must also be maximal because it contains n —r + 1 vectors.

The proof depends on the observation that if B = PTAP, where P is a per-
mutation matrix, then the graph G(B) is the same as G(A) except that the
nodes in G(B) have been renumbered according to the permutation defining
P. This follows because P7 = P! implies A = PBP?, so if the rows (and
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columns) in P are the unit vectors that appear according to the permutation

™= b2 , then
T T2 o Tp
T
e,
aij = [PBPT], = . |B(er, - er,)| =erBer =brn,.
T
€7, ij

Consequently, a;; # 0 if and only if by, # 0, and thus G(A) and G(B)
are the same except for the fact that node Ny in G(A) is node N, in G(B)
for each k = 1,2,...,n. Now we can prove G(A) is not strongly connected
<= A isreducible. If A isreducible, then there is a permutation matrix such
T o (XY

that PAP—B—(0 Sk

The zero pattern in B indicates that the nodes {Ny, Na,..., N} in G(B) are
inaccessible from nodes {N,41, Ny12,...,N,}, and hence G(B) is not strongly
connected—e.g., there is no sequence of edges leading from N,;; to Nj. Since
G(B) is the same as G(A) except that the nodes have different numbers, we
may conclude that G(A) is also not strongly connected. Conversely, if G(A)
is not strongly connected, then there are two nodes in G(A) such that one
is inaccessible from the other by any sequence of directed edges. Relabel the
nodes in G(A) so that this pair is N; and N,, where Nj is inaccessible
from N,. If there are additional nodes—excluding N,, itself—which are also
inaccessible from N,,, label them N,, N3, ..., N, so that the set of all nodes that
are inaccessible from N,, —with the possible exception of N,, itself—is N,, =
{N1,Na3,...,N,} (inaccessible nodes). Label the remaining nodes—which are
all accessible from N, —as N, = {Ny41,Nr42,...,Np_1} (accessible nodes).

where X is rxr and Z is n—r Xn—r.

It follows that no node in N, can be accessible from any node in N, for
otherwise nodes in N,, would be accessible from N,, through nodes in Ny.
In other words, if N1 € N, and N,y — N; € N,, then N, — N, p —
N;, which is impossible. This means that if « = ( L2 is the
T o e Tn
permutation generated by the relabeling process, then ar,., =0 for each i =
r+1,r+2,...,n—1 and j =1,2,...,r. Therefore, if B =PTAP, where P is
the permutation matrix corresponding to the permutation m, then b;; = ar,x;,
XY
T _n_
so PPAP=B= 0 7

thus A is reducible.

), where X is rxr and Z is n—r xn—r, and

Solutionsfor exercisesin section 4. 5

4.5.1. rank (ATA) = rank (A) = rank (AAT) =2
4.5.2. dimN (A)NR(B) =rank (B) —rank(AB)=2—-1=1.
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4.5.3.
4.5.4.

4.5.5.
4.5.6.

4.5.7.
4.5.8.

4.5.9.

4.5.10.

4.5.11.

4.5.12.

Solutions

1 1 2
Gaussian elimination yields X = <1 1) , V= (i) , and XV = <0> .
2 2 4
Statement (4.5.2) says that the rank of a product cannot exceed the rank of any
factor.
rank (A) =rank (ATA) =0 = A=0.
rank (A) = 2, and there are siz 2 x 2 nonsingular submatrices in A.
Yes. A = (1 1) and B = 71 1) is one of many examples.
No—it is not difficult to construct a counterexample using two singular matrices.
If either matrix is nonsingular, then the statement is true.
Transposition does not alter rank, so (4.5.1) says

rank (AB) = rank(AB)" = rank (BTAT)

= rank (AT) —dim N (BT) NR (AT)

=rank (A) —dim N (BT) n R (A7).
This follows immediately from (4.5.1) because dim N (AB) = p — rank (AB)
and dim N (B) = p — rank (B).
(a) First notice that N (B) C N (AB) (Exercise 4.2.12) for all conformable A
and B, so, by (4.4.5), dim N (B) <dim N (AB), or v(B) < v(AB), is always
true—this also answers the second half of part (b). If A and B are both n x n,
then the rank-plus-nullity theorem together with (4.5.2) produces

v(A) =dim N (A) =n —rank (A) <n —rank (AB) =dim N (AB) = v(AB),
so, together with the first observation, we have max{v(A), v(B)} < v(AB).

The rank-plus-nullity theorem applied to (4.5.3) yields v(AB) < v(A) + v(B).
(b) To see that v(A) > v(AB) is possible for rectangular matrices, consider

A=(1 1) and B—(}

(a) rank(Bpxp)=n = R(B)=R" = N((A)NR(B)=N(A) =
rank (AB) = rank (B) —dim N (A)NR(B) =n —dim N (A)
=n— (n—rank (A)) =rank (A)

It’s always true that R(AB) C R(A). When dimR(AB) = dimR(A) (i.e.,
when rank (AB) = rank (A) ), (4.4.6) implies R(AB) = R(A).

(b) rank(Apmxn)=n = N((A)={0} = N(A)NR(B)={0} =
rank (AB) = rank (B) — dim N (A) N R (B) = rank (B)
Assuming the product exists, it is always the case that N (B) C N (AB). Use

rank (B) = rank (AB) = p—rank (B) =p—rank(AB) — dim N (B) =
dim N (AB) together with (4.4.6) to conclude that N (B) = N (AB).
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4.5.13.

4.5.14.

4.5.15.

4.5.16.

4.5.17.

4.5.18.
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) rank (A) =2, and the unique exact solution is (—1, 1).
b) Same as part (a).
¢) The 3-digit rank is 2, and the unique 3-digit solution is (—1, 1).

- . 6 12 1) _ (6.01 o
d) The 3-digit normal equations (12 24> (@) = < 12 ) have infinitely

(
(
(
(
many 3-digit solutions.

Use an indirect argument. Suppose x € N (I +F) in which x; # 0 is a compo-
nent of maximal magnitude. Use the triangle inequality together with x = —Fx

to conclude
T T T ks
il = | 3 fus| < D0 gl = 32 il laal < (3 Uil )il <
j=1 j=1 j=1 j=1

which is impossible. Therefore, N (I + F) =0, and hence I+ F is nonsingular.
Follow the approach used in (4.5.8) to write

A~ w0 , where S=Z-YW !X,
0 S
rank (A) = rank (W) = rank(S)=0 = S =0, s0o Z=YWX.
The desired conclusion now follows by taking B=YW~! and C =W !X.
(a) Suppose that A is nonsingular, and let E; = Ay —A so that klim E; =0.
This together with (4.5.9) implies there exists a sufficiently large value of k such
that
rank (Ay) = rank (A + Eg) > rank (A) = n,

which is impossible because each A, is singular. Therefore, the supposition that
A is nonsingular must be false.

(b) Nol—consider [%]lxl — [0].

M C N because R(BC) C R(B), and therefore dimM < dimAN. For-
mula (4.5.1) guarantees dim M = rank (BC) — rank (ABC) and dimN =
rank (B) — rank (AB), so the desired conclusion now follows.

N (A)C N (A?) and R(A?) C R(A) always hold, so (4.4.6) insures

N (A) =N (A?) < dim N (A) = dim N (A?)
< n—rank (A) =n —rank (A?)
< rank (A) = rank (A?)
< R(A)=R(A%).

Formula (4.5.1) says rank (A?) = rank (A) — dim R(A) N N (A), so
R(A?) = R(A) < rank (A?) = rank (A) <= dimR(A) NN (A) = 0.
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4.5.19.

4.5.20.

Solutions

(a) Since

() @a+mais-(g)am-(5 3).

the result of Example 3.9.3 together with (4.5.2) insures
rank (A) + rank (B) < rank (A + B).

Couple this with the fact that rank (A + B) < rank (A) + rank (B) (see Ex-
ample 4.4.8) to conclude rank (A + B) = rank (A) 4+ rank (B).

(b) Verify that if B=1— A, then B2 =B and AB = BA = 0, and apply
the result of part (a).

(a) BTACT = BTBCC?”. The products BB and CC” are each nonsin-

gular because they are r x r with
rank (B"B) =rank (B) =r and rank (CC") = rank (C) =r.
(b) Notice that At = CT(BTBCCT) 'BT = c7(cc”) ' (B”B) 'B7, so
ATAATb = CTBTBCC” (CC”) ' (BTB) 'B"b = C"B"b = A”b.

If Ax = b is consistent, then its solution set agrees with the solution set for the
normal equations.

(c) AATA =BcCC”(cc”) ' (B”B) 'B'BC = BC = A. Now,
xe R(I-ATA) = x=(I-A'A)y forsomey
= Ax=(A-AATA)y=0 = xeN(A).
Conversely,
xeEN(A) = Ax=0 = x=(I-ATA)x = xeR(I-A'A),

SO R(I—ATA) = N(A). As h ranges over all of R"*!  the expression
(I— ATA) h generates R (I — ATA) = N (A). Since ATb is a particular solu-
tion of ATAx = ATb, the general solution is

x=A'b+N(A)=A'b+ (I-ATA)h.

(d) If r=mn, then B=A and C=1,.
(e) If A is nonsingular, then so is AT, and

AT = (ATA) AT = A1 (AT)TAT = AL

(f) Follow along the same line as indicated in the solution to part (c) for the
case AATA = A.
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Solutionsfor exercisesin section 4. 6

5 11.1
7 154
4.6.1. A= 8| and b=] 175 |, so ATA =382 and ATb = 838.9. Thus the
10 22.0
12 26.3

least squares estimate for k is 838.9/382 = 2.196.
4.6.2. This is essentially the same problem as Exercise 4.6.1. Because it must pass
through the origin, the equation of the least squares line is y = mz, and hence

L1 Y1
T2 Y2

A= . and b=| " |, s0o ATA=Y,2 and ATb =3, z;u;.
Tn Yn

4.6.3. Look for the line p = a+ Bt that comes closest to the data in the least squares
sense. That is, find the least squares solution for the system Ax = b, where

1 1
A=|1 2], X:(%), and b=|4
1 3 3

Set up normal equations ATAx = ATb to get

(5 ) (5)=(a) = (5)=("%) = r=com-2

Setting p =0 gives ¢t = 13/3. In other words, we expect the company to begin
losing money on May 1 of year five.
4.6.4. The associated linear system Ax =Db is

Year 1: a+p(3=1 1 1 1
Year 2: 2=1 or 2 0 (g) =11
Year 3: —-g=1 0 1 1

The least squares solution to this inconsistent system is obtained from the system

of normal equations ATAx = ATb that is (i) ;) <g> = ((?;) . The unique

solution is (g) = (_??g) , so the least squares estimate for the increase in

bread prices is
2 1
B=-W-—-_-M.
3 3

When W = -1 and M = —1, we estimate that B = —1/3.
4.6.5. (a) «p=.02 and a; =.0983. (b) 1.986 grams.
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4.6.6. Use Iny = Inag + ajt to obtain the least squares estimates «p = 9.73 and
a1 = .507.

4.6.7. The least squares line is y = 9.64 4+ .182z and for &; = 9.64 + .182x; — y;, the
sum of the squares of these errorsis _; €2 = 162.9. The least squares quadratic
is y = 13.97 4 .1818z — .433622, and the corresponding sum of squares of the
errors is Y e? = 1.622. Therefore, we conclude that the quadratic provides a
much better fit.

4.6.8. 230.7 min. (g =492.04, a1 = —23.435, g = —.076134, a3 = 1.8624)

4.6.9. x, is a least squares solution = ATAx,=ATb = 0=AT(b—Ax»).
If we set x; = b — Axy, then

(o) G = o ) C07) = (0)
AT On><n X2 a AT Onxn X2 B 0 .
The converse is true because
Im><7n A X1 b T
= = Axo=b—-—x; and A'x;=0
AT Onxn X2 0
= ATAx, =ATb—- ATx; = ATb.

4.6.10. te R (AT) =R (ATA) = t7 =2zTATA for some z. For each x satisfying
ATAx = ATb, write

j=tTx=2TATAx =2z"ATD,
and notice that zZ ATb is independent of x.

Solutionsfor exercisesin section 4. 7

4.7.1. (b) and (f)

4.7.2. (a), (c), and (d)

4.7.3. Use any x to write T(0) = T(x —x) = T(x) — T(x) = 0.

4.7.4. (a)

4.7.5. (a) No (b) Yes

4.7.6. T(u1) = (2,2) = 2u; + O0uy and T(uz) = (3,6) = Ouy + 3uy so that [T|g =

(6 3)

1 3 2 —4
4.7.7. (a) [T]ssr=(0 0 (b) [Tlss» =10 0
2 —4 1 3

1 -3/2  1/2 1

478 [Ts=| -1 1/2 1/2)| and V]z= |1

0 1/2 —1/2 0
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4.7.9.

4.7.10.

4.7.11.

4.7.12.
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According to (4.7.4), the j** column of [T]s is
[T(e))]s = [Aejls = [Ayjls = Ayj.

[T*]s = [TT - T]g = [T|5[T]s - [T]s = [T]j
(a)

vectors e;, P(e;), and 0 are vertices of a 45° right triangle (as are eq,
P(v3), and 0). So, if || x| denotes length, the Pythagorean theorem may be
applied to yield 1 = 2||P(e;)||> = 422 and 1= 2|P(ey)|* = 422. Thus

Sketch a picture to observe that P(e;)

(i) = P(ey) and that the

Ple;) = <1/2> = (1/2)e; + (1/2)es

—~ we- (i 1)

(1/2)e1 + (1/2)eq

atf
o) P = (s )
2
1 0 0 1 0 0 0 0
(a) If Ul_(o o)’ UQ_(O o)’ U3_(1 0)’ U4_(0 1)’
then
T(Ul) =TU; +0U;3 +0U3 + 0Uy,
1
T(Uz):§<(1) é) = 0U; +1/2U, + 1/2Us + 0U,
1/0 1
T(Us) =5 (| o) =0U1+1/2Uz+1/2U; +0Uy,
T(U4) =0U; +0U;3 4+ 0U3 + Uy,
1 0 0 O
0 1/2 1/2 0 .
so [T]s = 0 1?2 1§2 ol To verify [T(U)]g = [T]s[Uls, observe that
0 0 0 1
a a
B a (b+c)/2 | (b+¢)/2 |0
T(U)_((b+c)/2 d ) TOls=| b+ | Us=]
d d

(b) For Uy, Uy, Us, and Uy as defined above,
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4.7.13.

4.7.14.

4.7.15.

4.7.16.

Solutions

T(U;) = (_(1) é) =0U; — Uy — Uz + 0Uy,
1 2
T(U,) = <0 1) =U; +2U5 + 0U3 — Uy,
1 0
T(US) = (_2 _1> = U1 + 0U2 — 2U3 — 1U4,
0 1
T(U4) = <1 0) =0U; + Uy + U3 40Uy,
0 1 1 0
-1 2 0 1 .
so [T]s = 10 -2 1| To verify [T(U)]g = [T]s[U]s, observe that
0 -1 -1 0
c+b
_ c+b —a+2b+d _ | —a+2b+d
T(U) = (—a—20+d —-b—c ) and [T(U)]s = —a—2c+d
—-b—c
0 0 0
1 0 0
Slss = | /2 0
0 0 1/3
1 0 cosf —sinf cos —sinf
(a) [RQls = [R]s[Qls = <0 —1) <sin0 COSH) - <—sin0 —0059)
(b) 2 2
cos“ 0 —sin“0 —2cosfsinb
[QQls = [Qls[Qls = ( 2cosfsinf  cos? 6 — sin? 9)
[ cos20 —sin20
~ \ sin20 cos 20
(a) Let B={u}i,, B ={vi}2. If [Plgs = [ai;] and [Q]ss = [Bij],

then P(Uj) = Zz Q;;Vi and Q(llj) = El ﬂijvi. Thus (P+Q)(u]) = Zi(aij +
Bij)vi and hence [P + Qlpp = [ay; + Bi;] = |vij] +[Bi5] = [Plss +[Qlss. The
proof of part (b) is similar.
(a) If B={x;}}_; is a basis, then I(x;) =0x; +0x2 + -+ 1x; +--- + 0x,
so that the ;" column in [I|z is just the j** unit column.

Bij
(b) Suppose x; =, fi;y; so that [x;]p = : | . Then

ﬁnj
Ix)) =%, = > By = Waw = (6] = ( bals

(xolp | - ‘ [Xn]B')-
Furthermore, T(y;) =x; =Y, 3i;yi = [T|s = [Bi;], and

T(x;) = T(Zﬂzj)’i) = ZﬁijT(Yi) = Zﬂijxi = [T]g =[]
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4.7.17.

4.7.18.

4.7.19.
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) = (@ Tx)=T(y) = Tx—y)=0 = (y—x)=T(0)=0.
2) = (3): T(x)=0and T0)=0 = x=0.

) = (4): If {u;}, is a basis for V, show that N (T) = {0} implies
T(u;)}7, is also a basis. Consequently, for each v € V' there are coordinates

&; such that
V=306 = T( L gu).

(4) = (2): For each basis vector u;, there is a v; such that T(v;) = u,.
Show that {v;}I; is also a basis. If T(x) = T(y), then T(x —y) = 0.

Let x—y = > ;&v; so that 0=T(x~y)= T(Zz &'Vz‘) = > &T(vy) =
>.&u = each =0 = x-y=0 = x=y.

(4) and (2) == (1): For each y € V, show there is a unique x such
that T(x) =y. Let T be the function defined by the rule T(y) = x. Clearly,
TT = TT = I. To show that T is a linear function, consider ay1 +ya, and let
x; and xg besuch that T(x;) = y1, T(x2) = y2. Now, T(ax1+x2) = ayi1+ys
so that T(ayl +y2) = ax; 4 Xo. However, x; = T(y1), x2 = T(y2) so that

aT(yl) + T(yg) = X1 + X9 = T(ayl +y2). Therefore T =T~
0

() 0=Y,am < | © ] =l0ls=[ 00| = s =3, 0ubals
0

(b) G= {T(u1)7T(u2), . .,T(un)} spans R (T). From part (a), the set
{T(ub1)7 T(llb2), s T(ubr)}
is a maximal independent subset of G if and only if the set

{Imeu)ls. [T, . [T(w, )]s |

is a maximal linearly independent subset of

{[T(w1)]s, [T(u2)]s, - [T(u)s},

which are the columns of [T]g.
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Solutions

Solutionsfor exercisesin section 4. 8

4.8.1.
4.8.2.

4.8.3.

4.8.4.

4.8.5.

4.8.6.

4.8.7.

Multiplication by nonsingular matrices does not change rank.

A=Q'BQ and B=P'CP = A= (PQ)!'C(PQ).
1 2 -1
(a) Als=[0 -1 0
1 0 7
1 4 3 1 11
®) [Als=[-1 -2 9] andQ={0 1 1
1 1 8 0 0 1
Put the vectors from B into a matrix Q and compute
-2 -3 -7
Al=Q'AQ=| 7 9 12
-2 -1 0

[B]s = B and [B]ss = C. Therefore, C = Q !BQ, where Q = (_? —3)
is the change of basis matrix from S’ to S.
If B = {u,v} is such a basis, then T(u) = 2u and T(v) = 3v. For u =

(u1,u2), T(u)=2u implies

—7U1 — ].5'LL2 = 2U1
6U1 + 12U2 = QUQ,

or
—9u1 — 15U2 =0
6u; + 10us = 0,
so u; = (—5/3)uz with ug being free. Letting us = —3 produces u = (5, —3).
Similarly, a solution to T(v) = 3v is v = (-3,2). [T]|s = <_g _ig> and
2 0 5 -3
[T]s = (0 3> cFor Q=1 _, 2) . [Tl =Q7'[T]sQ.
If sinf = 0, the result is trivial. Assume sinf #* 0. Notice that with respect
to the standard basis S, [P]s = R. This means that if R and D are to be
similar, then there must exist a basis B = {u,v} such that [P]g = D, which
implies that P(u) = e¢’u and P(v) = e ¥v. For u = (u1,uz), P(u) = eu
implies ,
uy cos O — us sinf = e'%u,

uq sin @ + us cos 0 = e%uy = usy cos O + iug sin 0,

w1 cos 0 + fuq sin 0

or
Uy +ups =0

Ul —Z"Ug = 0,
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4.8.8.

4.8.9.

4.8.10.

4.8.11.

4.8.12.
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S0 u; = tug with uy being free. Letting us = 1 produces u = (¢,1). Similarly,
a solution to P(v) = e7v is v = (1,i). Now, [P]s = R and [P]s = D so
that R and D must be similar. The coordinate change matrix from B to S

is Q= (i 1) , and therefore D = Q" 'RQ.
(a) B=Q'CQ = B-A)=Q!1CQ-2Q'Q=Q ! (C—-A)Q. The

result follows because multiplication by nonsingular matrices does not change
rank.

(b) B=P'DP = B-)\I=P }(D-)\IP and (D — \I) is singular
for each A;. Now use part (a).

B=P!'AP =— BK=P !APP !AP...-P'AP =P 'AA...AP =
P lAkP

(a) YTY is nonsingular because rank (Y'Y)  =rank(Y)=n. If

oy b1
V= : and [vlg=| ' [,
Qp 571

then
v = Zaixi =X[vl]g and v= Zﬂiyi =Y[v]s

= Xg=Y]sg = Y XNVz=Y'Y[V]s
= (YY) 'Y'X[v]s = [V]s'-

(b) When m =mn, Y issquare and (YTY) 'Y?T =Y"! sothat P =Y 'X.
(a) Because B contains n vectors, you need only show that B is linearly in-
dependent. To do this, suppose Z?;OI a;Ni(y) = 0 and apply N"~! to both
sides to get qyN""1(y) =0 = ag = 0. Now Z;:ll a;Ni(y) = 0. Apply
N"~2 to both sides of this to conclude that «; = 0. Continue this process until
you have g = a1 =--- = a,_1 =0.

(b) Any n x n nilpotent matrix of index n can be viewed as a nilpotent operator
of index n on R". Furthermore, A = [A]s and B = [B]s, where S is the
standard basis. According to part (a), there are bases B and B’ such that
[A]p =J and [B|g =J. Since [A]s ~ [A]p, it follows that A ~ J. Similarly
B ~ J, and hence A ~ B by Exercise 4.8.2.

(¢) Trace and rank are similarity invariants, and part (a) implies that every
n x n nilpotent matrix of index n is similar to J, and trace(J) = 0 and
rank (J) =n— 1.

(a) x; € R(E) = x; = E(v;) for some v; = E(x;) = E3(v;) =
E(v;) = x;. Since B contains n vectors, you need only show that B is linearly
independent. 0 =Y. a;x; + fiy; = 0=E(0) =) E(x;)+ GE(y;) =
Eiaixi = o;’s =0 = Ziﬁiyi =0 = ﬁi 's=0.
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Solutions

(b) Let B=XUY = {by,by,...,b,}. For j = 1,2,...,7, the j** column
of [E]p is [E(b))|s = [E(x;)]g =e;. For j=r+1,r+2,...,n, [E(bj)lz=
[E(yj—+)ls = [0]5 = 0.

(c) Suppose that B and C are two idempotent matrices of rank r. If you
regard them as linear operators on ", then, with respect to the standard basis,
[B]s =B and [C]s = C. You know from part (b) that there are bases U and
V such that [Bly = [Cly = I(;" o) = P. This implies that B ~ P, and
P ~ C. From Exercise 4.8.2, it follows that B ~ C.
(d) Tt follows from part (c) that F ~P = I(; g
similarity invariants, trace (F) = trace (P) = r = rank (P) = rank (F).

. Since trace and rank are

Solutionsfor exercisesin section 4. 9

4.9.1. (a) Yes, because T(0) = 0. (b) Yes, because x€V = T(x) e V.
4.9.2. Every subspace of V is invariant under I.
4.9.3. (a) X is invariant because x € X <= x = («, 3,0,0) for a,3 € R, so

T(x) = T(a, 3,0,0) = (o + 3, 5,0,0) € X.

4.9.4. (a) Q is nonsingular. (b) X is invariant because
1 1
1 2
T(1Qu1 + @2Qu2) = 1 o |t 5| = a1Qu1 + a2(Qu + Qu2)
3 2

= (01 + 2)Qu1 + 22Qu2 € span {Q.1, Qua}.

Y is invariant because

0 0
0 3

T(3Qu3 + 1Qua) = a3 g | Taa 1] = a1Qus € span {Qu3, Qua}.
0 —4

(c) According to (4.9.10), Q~!TQ should be block diagonal.
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4.9.5.

4.9.6.

4.9.7.
4.9.8.
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{T/XLQ*I,Q*Q} 0
0

(d Q'TQ=
T
Y1{Q.3,Qua}

If A=][a;;] and C = [v;5], then

<3

q
T(uj) = ;U cu and T(W]) = Z’Y’ijwi cW.

i=1 =1

If S is the standard basis for R"*!, and if B is the basis consisting of the
columns of P, then

[T]s = P~'[T]sP = P~'TP — <‘3‘ g) .

(Recall Example 4.8.3.) The desired conclusion now follows from the result of
Exercise 4.9.5.

XENA-AN) = A-AN)x=0 = Ax=XIxeN((A-X])

(a) (A —AI) is singular when A = —1 and A\ = 3.

(b) There are four invariant subspaces—the trivial space {0}, the entire space
2, and the two one-dimensional spaces

N(A+I)span{<§)} and N(ASI)Sme{(é)}.
(c) Qz@ ;)
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Solutions

Clearly spoken, Mr. Fogg; you explain English by Greek.
— Benjamin Franklin (1706-1790)



Solutions for Chapter 5

Solutionsfor exercisesin section 5. 1

5.1.1.

5.1.2.

5.1.3.

5.1.4.

5.1.5.
5.1.6.
5.1.7.

5.1.8.

5.1.9.

5.1.10.

a) [xlly =9, xlly; =5 [, =4

(

() lxly =5+2v2, [xll, =v21, x|, =4

(2)  Jlu— vl = V3L (b) flu+v|=v27T<T=]ull+]v]
() |ulv[=1<10= [ul [jv|

(651 1
(6]

Use the CBS inequality with x = ) and y =
an, 1

() {xe® | Ixl,<1} () {xe®" | [x—cl, <)
Ix—y|*=lx+y]* = -2"y=2x"y — x"y=0

[x =yl = (=D =) = (=] ly = x] = [ly — ]|

x—y=3i(@i—yi)ei = |x—yl <3 |wi—villleill < vy i —vil,
where v = max; ||e;||. For each € >0, set 6 = ¢/nv. If |z; —y;| < for each
i, then, using (5.1.6), | [|Ix|| — [[y||| < [x —y| <vné =e.

To show that [|x||; < +/n|x|,, apply the CBS inequality to the standard inner
product of a vector of all 1’s with a vector whose components are the |z;]|’s.

If y = ax, then |x"y| = [al |x]* = x| [iy]]. Comversely, if |x*y| = x| iyl
then (5.1.4) implies that ||ax —y|| =0, and hence ax —y = 0—recall (5.1.1).
If y = ax for a >0, then [x-+y| = |(1+a)x| = (1+a)|x| = |xI| + |
Conversely, [+ vl = el + Iyl = (xll + Iyl)? = [+ vl =

2 2 * *
="+ 2] Iyl +[ylI" = " +y") (x+y)
=x"xX+x'y+y'x+y'y
2 % 2
= [|x[” + 2Re(x*y) + [lyll"

and hence [x|| [ly|| = Re (x*y). But it’s always true that Re (x*y) < [x"y],
so the CBS inequality yields

I llyll = Re (x*y) < |x"y| < [Ix]| [ly]-
In other words, |x*y| = [|x|| [y]|. We know from Exercise 5.1.9 that equality

in the CBS inequality implies y = ax, where a = x*y/x*x. We now need to
show that this « is real and positive. Using y = ax in the equality ||x + y|| =
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5.1.11.

5.1.12.

5.1.13.

Solutions

|||+ [ly]| produces [14+a|=1+|a|, or [14+ &> = (1+ |a|)®. Expanding this
yields
(I+a)(1+a)=1+2la|+|af
= 14+ 2Re(a) + aa =1+ 2|o| + ax
= Re(a) = |al,
which implies that « must be real. Furthermore, o = Re (o) = || > 0. Since

y = ax and y # 0, it follows that a # 0, and therefore a > 0.
This is a consequence of Holder’s inequality because

x"y| = x"(y —ae)| < [x]1 |y — aellw

for all a, and min, ||y — a€|lcc = (Ymax — Ymin)/2 (with the minimum being
attained at @ = (Ymax + Ymin)/2 )-
(a) It’s not difficult to see that f'(t) <0 for ¢ <1, and f'(¢) >0 for ¢t > 1,
so we can conclude that f(t) > f(1) = 0 for t # 1. The desired inequality
follows by setting ¢ = /3.
(b) This inequality follows from the inequality of part (a) by setting

= |§7i|p7 6: |gi|q7 A= 1/pa and (1_)‘) = 1/q
(¢c) Holder’s inequality results from part (b) by setting &; = x;/ HXHP and

9i = yi/ llyll,- To obtain the “vector form” of the inequality, use the triangle
inequality for complex numbers to write

n n n n 1/p n 1/q
Zx_iyi < Z il lys| = Z lziyi| < (Z |$i|p> (Z |yi|q>
i=1 i=1 i=1 i=1 i=1

= [Ixll, llyll, -

Ix"y| =

For p = 1, Minkowski’s inequality is a consequence of the triangle inequality
for scalars. The inequality in the hint follows from the fact that p = 1+ p/q
together with the scalar triangle inequality, and it implies that

n n n n
S lwityil = iyl v+l <Y sl eyl il e+l
=1 1=1 1=1 1=1

Application of Holder’s inequality produces

n n 1/p 1/q
S s 3P < (z ) ( " +y)
=1 =1 =1

n 1/p (p—1)/p
= (Z%I)) ( $i+yz‘p>
i=1 i=1

-1
= lIxIl, Ix+yll;~"

NERANE
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n
Similarly, Z lyil |2 + yiP/9 < Iyll, 1%+ y||£_1 , and therefore
i=1

-1
I+ w12 < (Il + Ivl,) I+ 3127 = x4y, < Il + v,

Solutionsfor exercisesin section 5. 2

1/2
[AllF = [Zi,j ‘aij|2} = [trace (A*A)]Y/2 = /10,

IBlr = V3, and [|C|Fr =9.

5.2.2. (a) ||All; = max absolute column sum = 4, and ||A| = max absolute
row sum = 3. [|A], = VA, where A,.. is the largest value of A for which
ATA — )T is singular. Determine these A’s by row reduction.

Th g [2--A —4 4 8-2)
ATA AI( 4 8-xr) \2-x 4

(1 8—A

0 —4+22(8-))
This matrix is singular if and only if the second pivot is zero, so we must have
2-NB-XN)—-16=0 = X2—-10A=0 = X=0, A =10, and therefore
1A[l, = v10.
(b) Use the same technique to get |B|; = |BJ, = |B| ., =1, and
(© lCly = [Clloe = 10 and [[Cl; =9

5.2.3. (a) HIH = max||x”:1 ||IX|| = maxHxH:l ||X|| =1.

1/2
(®) Laxnllp = [trace (ITI)] 2 _ V.
5.2.4. Use the fact that trace (AB) = trace (BA) (recall Example 3.6.5) to write

|A|% = trace (A*A) = trace (AA*) = ||A*|%..

5.2.5. (a) For x = 0, the statement is trivial. For x # 0, we have ||(x/||x|)| = 1,
so for any particular xg # O,

A

[1x]]

Il = max [ Ax|| = max [ Aol < [[Al o] -

lIx][=1

’ S Ao

%ol
(b) Let x¢ be a vector such that [|xo|| =1 and

|ABx, | = max [ABx| = |AB].

Make use of the result of part (a) to write

IABJ| = [[ABxo]| < [|A]l[Bxoll < [[A[[[[B] l|xoll = [[A[ B
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5.2.6.

Solutions

(© lAll= max [|Ax] < A, [AX]| because {x[ |x| =1} C {x| x| <1}.

If there would exist a vector xg such that ||xo] < 1 and [JA| < ||Axol,
then part (a) would insure that ||A] < ||Axo|| < ||A]l|Ixol < ||A]l, which is
impossible.

(a) Applying the CBS inequality yields

v Ax| < Iyl |Ax], = max ly'Ax| < max [[Ax], = [|Al,.
llyllz=1 2

Now show that equality is actually attained for some pair x and y on the unit
2-sphere. To do so, notice that if x( is a vector of unit length such that

AXO AXO
[Axoll, = max [|Ax|l, = [|All,, andif yo= = ,
2 xily=1 2 2 [Axoll, (Al
then
. xjA*Axo  |Axoly  [IA]3
YoAxo = = = = HAHQ

1A 1Al 1A,

(b) This follows directly from the result of part (a) because

[All; = max |y"Ax| = max [(y"Ax)"|= max [x"A%y|=[A"],.
lIxllo=1 lxllo=1 lIxll2=1
lylla=1 lylla=1 lylla=1

(¢) Use part (a) with the CBS inequality to write

* * A K 2
IATAllz = max [y"A"Ax| < max [|Ay], [[Ax], = [All;-

llyllg=1 lyllg=1

To see that equality is attained, let x =y = x(, where xq is a vector of unit
length such that [|Axoll, = maxy|,=1 [[Ax|, = ||Af|,, and observe

G Axo| = X5 A" Axo = [[Axo[l; = A3
A 0
(d) Let D= (O B
A such that D”D — Al is singular. But D7D — AI is singular if and only if
ATA — I or BTB — ) is singular, 50 Apax(D) = max {Amax(A), Amax(B)}.
(e) If UU* =1, then ||[U*Ax|2 = x*A*UU*Ax = x*A*Ax = ||Ax|%, so

[U*All2 = maxx|,=1 [[U*Ax||]2 = max)x|,=1 [|[Ax|]2 = [|Al]2. Now, if V*V =
I, use what was just established with part (b) to write

) . We know from (5.2.7) that HD||§ is the largest value

[AV]l2 = [(AV)*]l2 = [V*AT[]s = [|A7]]s = |A]: = [[UAV]]s = [|A]]2.
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5.2.7. Proceed as follows.

1 1

—_—— max _— — Imax

min [|A " 1x ||x|—1{ A-1x } y#0 H 1(Ay H
ixl|= 1 | | | AT Ay

I — N EA
v2o [A-T(AY)] 30 vl — v | Uyl

= max |lAx] = 4]

5.2.8. Use (5.2.6) on p. 280 to write ||(zI—A)~!| = (1/minjx=1 |(2I — A)x||), and let
w be a vector for which [[w|| =1 and |[|(2I — A)w|| = minjy = [|(2I — A)x]|.
Use ||[Aw| < |JA] < |z| together with the “backward triangle inequality” from
Example 5.1.1 (p. 273) to write

11— A)wl| = [lzw — Awl| > [[ew]| — [Aw]]| = [|2] — [|Aw]]
= [z = [[Aw] = [2] = [|A]].
Consequently, min|—y [|(2I — A)x|| = ||(zI = A)w| > |z| — [|A|] implies that
1 1

< .
oin, (1= A)x|| — |z - [[A]

(=1 = A)~H| =

Solutionsfor exercisesin section 5. 3

5.3.1. Ounly (c) is an inner product. The expressions in (a) and (b) each fail the first
condition of the definition (5.3.1), and (d) fails the second.
5.3.2. (a) x|ly)=0 VxeV = (yly)=0 = y=0.
(b) A(axly) = (ylax) = a(y[x) = aly|x) = a (x[y)
() (x+ylz) = (z[x+y) = (2]x) + (z]y) = (z|x) + (z]y) = (x|z) + (y]2)
5.3.3. The first property in (5.2.3) holds because (x|x) > 0 for all x € V implies
x| = /{x|x) > 0, and ||x|]] = 0 <= (x|x) = 0 <= x = 0. The second
property in (5.2.3) holds because

llaxx||* = (ax|ax) = a (ax|x) = alx[ax) = aa(x]x) = |af® (x|x) = |af* |x]*.

534, 0< x—y|” = (x —ylx —y) = (x[x) =2 (x|y) +{y|y) = || =2 (x|y) + ]y’
5.3.5. (a) Use the CBS inequality with the Frobenius matrix norm and the standard
inner product as illustrated in Example 5.3.3, and set A =1.

(b) Proceed as in part (a), but this time set A = B? (recall from Example
3.6.5 that trace (BTB) = trace (BBT) ).
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5.3.6.

5.3.7.

5.3.8.

5.3.9.

Solutions

(c) Use the result of Exercise 5.3.4 with the Frobenius matrix norm and the inner
product for matrices.

Suppose that parallelogram identity holds, and verify that (5.3.10) satisfies the
four conditions in (5.3.1). The first condition follows because (x|x), = |x|*> and
(ix|x), = 0 combine to yield (x|x) = ||x||>. The second condition (for real a)
and third condition hold by virtue of the argument for (5.3.7). We will prove the
fourth condition and then return to show that the second holds for complex «a.
By observing that (x|y), = (y|x), and (ix|iy), = (x|y), , we have

(iy|x), = (iy|-i’x), = (y|-ix), = — (y]ix), = — (ix[y),,

and hence

(y[x) = (y|x), +iliylx), = (y|x), —i(ix|y), = (x|y), —i(x[y), = (x]y).
Now prove that (x|ay) = a(x|y) for all complex «. Begin by showing it is
true for o =1i.

(x|iy) = (x|iy), +i(ix|iy), = (x[iy), +i{x]y), = (iy[x), +i(x|y),
= —(ix]y), +i{xly), =i(x]y), +i(ix|y),)
=i(x|y)
For a=¢+in,
(x|ay) = (x|€y +iny) = (x|€y) + (x|iny) = & (x|y) +in (x]y) = a (x|y).

Conversely, if (|) is any inner product on V, then with [[x||> = (x|%) we have

Ix+y)*+lx—yl* = (x+ylx+y)+ (x—ylx—y)
= [Ix[|* + 2Re (x|y) + [|ly[|* + [[x]|* — 2Re (x|y) + [ly]®

2 2
=2 (IxII* + lylI*) -

The parallelogram identity (5.3.7) fails to hold for all x,y € C". For example,
if x=e; and y = ey, then

2 2 2 2
ler +e2ll5 +ller —ealll, =2, but 2(fled||S + ezl ) = 4.

(a) As shown in Example 5.3.2, the Frobenius matrix norm C™*™ is generated

by the standard matrix inner product (5.3.2), so the result on p. 290 guarantees
that ||x||p satisfies the parallelogram identity.

No, because the parallelogram inequality (5.3.7) doesn’t hold. To see that
IX+ Y|+ [|X - Y[*=2(|X|*+ [Y]?) is not valid for all X,Y € C"*",
let X =diag (1,0,...,0) and Y =diag (0, 1,...,0). For x=1,2, or oo,

IX+Y[I+ XY =1+1=2, but 2(|X[I+]Y];)=4
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Solutionsfor exercisesin section 5. 4

5.4.1.
5.4.2.

5.4.3.

5.4.4.

5.4.5.

5.4.6.
5.4.7.

5.4.8.

(a), (b), and (e) are orthogonal pairs.

First find v = 31 such that 3a; — 2as = 0, and then normalize v. The
2

second must be the negative of v.

(a) Simply verify that xiij =0 for i #j.

(b) Let x; = (a1 az a3 a4), and notice that x/ x4 =0 for i = 1,2,3

is three homogeneous equations in four unknowns

1 -1 0 2 Zl 0 Zl _1
1 110 Of =lo0] = Of =81

-1 -1 2 0 3 0 3
(7] Qy 1

(¢) Simply normalize the set by dividing each vector by its norm.
The Fourier coefficients are

1 -1 -5
= (U1 |X = —, = (U9 | X = —, = (U3 |X = —,
G =l =7 &=(mho= 2 &=(ukx= 2
1 1 -1
1 1 5
x=&4wm +§2U-2+£3U3:§ -1 —3 1 ~ % -1
0 1 2

If U;, Uy, Uz, and U, denote the elements of B, verify they constitute an
orthonormal set by showing that

(U;|U;) = trace(UF'U;) =0fori #5 and |U;| = \/trace(UFU;) = 1.

Consequently, B is linearly independent—recall (5.4.2)—and therefore B is a
basis because it is a mazimal independent set—part (b) of Exercise 4.4.4 insures
dim R2*2 = 4. The Fourier coefficients (U;|A) = trace(UF' A) are

<U1|A>:%, (Uy]A) =0, (Us|A)=1, (UsA)=1,

so the Fourier expansion of A is A = (2/v/2)U; + Uz + Uy.

cosf = xTy/ x| [yl = 1/2, so 6 = /3.

This follows because each vector has a unique representation in terms of a basis—
see Exercise 4.4.8 or the discussion of coordinates in §4.7.

If the columns of U = [uy |uz|---|u,] are an orthonormal basis for C™, then

1 when ¢ =3, 1)
0 when i # j,

T

[U*U]Z.j =uju; = {
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5.4.9.

5.4.10.
5.4.11.

5.4.12.

5.4.13.

5.4.14.

Solutions

and, therefore, U*U = I. Conversely, if U*U = I, then (1) holds, so the
columns of U are orthonormal—they are a basis for C™ because orthonormal
sets are always linearly independent.

Equations (4.5.5) and (4.5.6) guarantee that

R(A)=R(AA*) and N (A)=N(A*A),

and consequently r € R(A) = R(AA*) = r = AA*x for some x, and
ne N(A)=N(A*A) = A*An = 0. Therefore,

(rln) =r'n=x"AA"n=x"A*An = 0.

(a) /4 (b) m/2

The number x%y or x*y will in general be complex. In order to guarantee that
we end up with a real number, we should take

[Re (x"y) |

cosl) = ———>—,
1=l Iyl

Use the Fourier expansion y = Y. (u;|y) u; together with the various properties
of an inner product to write

(x|ly) = <X Z (u|y) Uz‘> = Z (x| (wily) w;) = Z (uily) (x|u;) .

In a real space, (x|y) = (y|x), so the third condition in the definition (5.3.1)
of an inner product and Exercise 5.3.2(c) produce

2 K2

(x+ylx—y) =x+ylx) - (x+yly)
= (x[x) + (y|x) — (x[y) = (v|¥)
= |Ix|* - [ly]|* = 0.

(a) In a real space, (x|y) = (y|x), so the third condition in the definition
(5.3.1) of an inner product and Exercise 5.3.2(c) produce

Ix+yl* = (x+ylx+y) = (x+y[x)+ (x+yly)
= (x[x) + (y|x) + (x]y) + (y|y)
= x|l + 2 x|y) + ly]*,

and hence (x|y) =0 if and only if ||x +y|* = [|x]* + |ly|*.

(b) In a complex space, x Ly = |x+y|> = |x|>+ |lyl*, but the
converse is not valid—e.g., consider C? with the standard inner product, and

—i 1
let x-( 1) and y—<i).
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5.4.15.

5.4.16.
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(¢) Again, using the properties of a general inner product, derive the expansion

lax + By|* = (ax + By |ax + By)
= (ax|ax) + (ax|By) + (By|ax) + (By|By)
= |lax||* + @B (x|y) + Ba (y|x) + |8y

Clearly, x Ly = |lax+8y|®> = |lax|> + ||8y|® V a,3. Conversely, if
lax + By ||* = llax||* + [|Byl|* ¥ ., then @B (x|y) + Ba(y|x) =0V a,f.
Letting o = (x|y) and 3 = 1 produces the conclusion that 2| (x|y)|? = 0,
and thus (x|y)=0.

(a) costi = (uifx) /[Jwi]| [[x[| = (wi|x) /x| = &/ |||

(b) Use the Pythagorean theorem (Exercise 5.4.14) to write

||X||2 =[[&ur +up + -+ + fnunH2
= [lgw|? + [|Eua | + - + [|1€au, )
=GP+ &P+ + &l

Use the properties of an inner product to write
k k k
x— Y || = <X =) Gui|x— Zfz‘ui>
i=1 i=1 i=1
k
i) -2 Xl + (3
i i=1
k
Z Siw;
i=1

and then invoke the Pythagorean theorem (Exercise 5.4.14) to conclude

2

k
Zfz‘ui>
i=1

2

)

2
= [x|* =21l +

2
= Z €w]|* = Z@»l?

k
> G
i=1

Consequently,
k 2 k
2 2
0<|x=Y &uwl =IxI"=Dl&* = D&l <Ix|*. &3]
i=1 i i=1
If x € span{uy,uz,...,u;}, then the Fourier expansion of x with respect

to the u;’s is x = Zle &u;, and hence equality holds in (f). Conversely, if
equality holds in (), then x — Zle &u; = 0.
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Solutions

5.4.17. Choose any unit vector e; for y. The angle between e and e; approaches /2
as n — oo, but eTe; =1 for all n.

5.4.18. If y is negatively correlated to x, then zy = —zy, but ||zx —zy|, = 2y/n
gives no indication of the fact that zx and z, are on the same line. Continuity
therefore dictates that when y =~ Bpe + 8ix with 8; <0, then zx ~ —zy, but
lzx — zy|, = 2y/n gives no hint that z, and zy are almost on the same line.
If we want to use norms to gauge linear correlation, we should use

mim{||zx —zylly, |lZ2x + zy||2} )

5.4.19. (a) cos@ =1 = (x]y)= x| |lyl]l > 0, and the straightforward extension of
Exercise 5.1.9 guarantees that

xly)

2
e

y = (x|y) x, and clearly

2
el

Conversely, if y = ax for a >0, then (x|y) = a|x||° = cosf=1.

>0

(b) cos =-1 = (x]y)=—|x|| llyl]l <0, so the generalized version of
Exercise 5.1.9 guarantees that

y = <X|y>x and in this case M <0

2% 2
1] ]

Conversely, if y = ax for a <0, then (x|y) = a|x|]*, so

alx|?
cosf = —_— = —1.
o [|x]]
5.4.20. F(t) =3 °(-1)"2sinnt.
Solutionsfor exercisesin section 5. 5
5.5.1. (a)

1 3 0
S I IR
1 1 5 2 2\/§ ~1 ) 3 \/6 1
-1 2

1 when ¢ =7,
0 when i # j.
To show that the x;’s and the u; ’s span the same space, place the x;’s as rows
in a matrix A, and place the u;’s as rows in a matrix B, and then verify that
Ea = Eg—recall Example 4.2.2.

(b) First verify this is an orthonormal set by showing ulu; = {

(¢) The result should be the same as in part (a).
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5.5.2. First reduce A to Ea to determine a “regular” basis for each space.

1 -2 -3
R(A) = span 2 N (AT) = span 1/, 0
3 0 1
1 2 -3 1
. 2 B 1 o) [o
R(A") = span 3 N (A) = span O) ) 11 1o
-1 0 0 1

Now apply Gram—Schmidt to each of these.

1 (1 I A NI
R(A)=span{ — | 2 N (AT = span { — 1],—1 -6
Vid | 5 (45 Vi o) VO g
1
R (AT) = span L B
V15| 3
2 -3 1
1 1 1 6 1 -2
N (A) = span{ — y —— y ——
(A)=sp Va0 vol 57 v210| 3
0 0 14
5.5.3. .
1 i 1 —2} 1 0
u = —— 9 Uz = —— 1 ) us —1
V3 \i VB V2
5.5.4. Nothing! The resulting orthonormal set is the same as the original.
5.5.5. It breaks down at the first vector such that xj € span {x1,Xa,...,X;_1} because
if
X) € span{X1,X2,...,Xk-1} = span{u, Uz,..., Ux_1},
then the Fourier expansion of x; with respect to span {uj,us,...,ux_1} is
k—1

xe =y (wi|xg) w;,

=1

and therefore

x, — Y40 (wlxiug) |10

(o - T (b u) g
( )

" H
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5.5.6.

5.5.7.

Solutions

is not defined.
(a) The rectangular QR factors are

1/vV3 —1/v/3  1/V6
N VY B VAC R VA 4 R
i3 0 —2/V6 o -
0 1/V3 0

o
@
D95

2/3
(b) Following Example 5.5.3, solve Rx = QTb to get x = [ 1/3
0
For k = 1, there is nothing to prove. For k£ > 1, assume that Oy is an

orthonormal basis for Si. First establish that Opy; must be an orthonormal
set. Orthogonality follows because for each j < k+ 1,

k
1
(ujlups1) = { uy Xk+1 — Z (W | Xk41) Wi
das i=1
k
Z uz|xk+1 >>
i=1

1
(uj[xpi1) = ( vy
Vi+1

1 k
= (uj|Xp41) Z (5[ Xp41) (uj]ug)

Vi1 im1

1
= — ((wy|xp41) — (uj[xk+1)) = 0.
Vi+1
This together with the fact that each w; has unit norm means that Ok41 is an

orthonormal set. Now assume Oy is a basis for Sg, and prove that Ogy; is a
basis for Sgy1. If x € Sgy1, then x can be written as a combination

k+1 k
X= E ;X = g aiX; | + opr1Xk41,
i=1

i=1

where Zle a;x; € S = span (O) C span (Or41) . Couple this together with
the fact that

k

X1 = Vka1Ukg1 + O (W] Xpp1) W5 € span (Op1)
i=1

to conclude that x € span (Ok41). Consequently, O4+1 spans Sk4+1, and there-
fore Ok41 is a basis for Ski1 because orthonormal sets are always linearly
independent.
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5.5.8.

5.5.9.

63

If A =QiR; = QxRy are two rectangular QR factorizations, then (5.5.6)
implies ATA = RTR; = RIRy. It follows from Example 3.10.7 that ATA is
positive definite, and R; = Ry because the Cholesky factorization of a positive
definite matrix is unique. Therefore, Q = ARl_1 = AR;1 =Qs.

(a) Step 1: fl|xi]|=1, so u; < x;.

Step 2: u{xy; =1, so

0 0
Uy <« X9 — (U?XQ) u; = 0 and Uy < i = 0
—10-3 [z | 1

Step 3: ufx;=1 and ulx; =0, so

0 0
U3z < X3 — (ulTX3) u; — (u2TX3) u; = 1073 | and us « s .709
~1073 Jhus| —.709

Therefore, the result of the classical Gram—Schmidt algorithm using 3-digit arith-
metic is

1 0 0
u; = 0 s Uy = 0 y us = .709 y
1073 -1 —.709

which is not very good because us and ug are not even close to being orthog-
onal.

(b) Step 1: fl||x1]| =1, so
{U1,u2,u3} — {X17X27X3} .

Step 2:  ufuy; =1 and ufuz =1, so

0 0
Uy < up — (ulTuQ) u; = 0 , Uz <« ug— (ulTug) u; = 10*{3 ,
-1073 —-1073
and then
a 0
Ug < —2 = 0
[[uz]] 1
Step 3:  uluz3 =103, so
0 0
uz < uz — (uQTuS) u, = | 1073 and uz m =11
0 3 0
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5.5.10.

5.5.11.

Solutions

Thus the modified Gram—Schmidt algorithm produces

1 0 0
u; = 0 ) Uz = 0 ’ us = 1 ;
1073 -1 0

which is as close to being an orthonormal set as one could reasonably hope to
obtain by using 3-digit arithmetic.

Yes. In both cases r;; is the (i, 7)-entry in the upper-triangular matrix R in the
QR factorization.

po(z) = 1/\/57 p1(r) = \/ﬁl’a p2(r) = +/5/8 (3952 -1)

Solutionsfor exercisesin section 5. 6

5.6.1.
5.6.2.

5.6.3.

5.6.4.
5.6.5.

5.6.6.

(a), (c), and (d).
Yes, because U*U = (1 O) .

0 1
+1
(a) Eight: D= 0 +1 0 b) 2": D=| .
0 0 =1 : : o
0o 0 - +1

(c) There are infinitely many because each diagonal entry can be any point on the
unit circle in the complex plane—these matrices have the form given in part (d)
of Exercise 5.6.1.

(a) When o? + 32 =1/2. (b) When o? + 32 = 1.

(a) (UV)*(UV)=V*U*UV =V*V =1

(b) Consider I+ (-I)=0.
(

L EYEY-ENEY
(%)
()

Recall from (3.7.8) or (4.2.10) that (I+A 1 exists if and only if N(I+A)=0,
and write x € N(I+A) = = —Ax = x'x = —x"Ax. But
taking the conjugate transpose of both sides yields x*x = —x*A*x = x*Ax,
so x*x = 0, and thus x = 0. Replacing A by —A in Exercise 3.7.6 gives
AD+A)T=T+A) A, so

I-A)I+A)'=1T+A) ' -AT+A)!
=I+A) ' —I+A)TA=T+A)(I-A).
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5.6.7.

5.6.8.

5.6.9.

65

These results together with the fact that A is skew hermitian produce

UU=I+A)""I-A)T-A)IT+A)"!

=(I+A)" " (I-A)T-A)(I+A)"
=I-A)'I+A)I-A)I+A) =

(a) Yes—because if R =1—2uu*, where |u|| =1, then

(& 22w (D)

(b) No—Suppose R =1—2uu* and S = I — 2vv*, where |ul| =1 and

[lv] =1 so that
R O uu* 0
(0 S>_I_2< 0 vv*)'

If we could find a vector w such that |w| =1 and

R O " « __ [uau* 0
(0 S)—I—ZWW7 then ww —( 0 vv*)'

But this is impossible because (recall Example 3.9.3)

rank (ww*) =1 and rank (uu O*) =2.
0 wvv
(a) u*v=(Ux)"Uy =x*U*Uy = x*y
(b) The fact that P is an isometry means |jul| = ||x]| and ||v|| = |ly||. Use
this together with part (a) and the definition of cosine given in (5.4.1) to obtain

ulv xTy

cosByv = = = cosfOy.y.
S vl Il -

(a) Since U,,x, has orthonormal columns, we have U*U =1, so that

(L8} ||2 = max x'U*Ux = max x*'x=1.
lIx[[,=1 Ixll,=1

This together with [|A|, = ||A*||;—recall (5.2.10)—implies ||V, = 1. For the
Frobenius norm we have

Ul = [trace (U*U)Y? = [trace (1)])V? = V7.

trace (AB) = trace (BA) (Example 3.6.5) and VV* =T, = ||V, = Vk.
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5.6.10.

5.6.11.

5.6.12.

Solutions

(b) First show that [[UA|, =|A[, by writing

||UAH§ = ”nllax IO ||2 = lnﬁax x*A*U*UAx = max x"A*Ax

lo= lIxll;=1

= max [|Ax]3 = A

Now use this together with [|All, = [|A*|, to observe that
AV, =

VATl = [[A%]ly = [[A]l; -

Therefore, [UAV], = [U(AV)], = [[AV]], = [[A]],
(¢) Use trace (AB) = trace (BA) with U*U =1, and VV* =1 to write

|UAV|[3 = trace ((UAV)*UAV) = trace (V*A*U*UAV)
= trace (V*A*AV) = trace (A*AVV™)
= trace (A*A) = ||A|[%.

Use (5.6.6) to compute the following quantities.

1
vvT vTu 1 1 4
(a) W?“:($$>V25V=a 0
-1
T T 2
uu u'v 1 1
R U ILRE L
-1
—-13
vvT vTu 1 2
(c) (—m>u: —(m>v:u—6v G 18
-5
7

uu?l ulv 1 1] 19
(d) <I——>v:v—<—>u:v—5u:g 5

-4
(a) N(Q) # {0} because Qu=10 and |ju =1 = u#0, so Q must
be singular by (4.2.10).
(b) The result of Exercise 4.4.10 insures that n—1 < rank (Q), and the result
of part (a) says rank (Q) <n — 1, and therefore rank (Q) =mn— 1.
Use (5.6.5) in conjunction with the CBS inequality given in (5.1.3) to write

Il

[pll = [u™x| < [[ul| x| =
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The fact that equality holds if and only if x is a scalar multiple of u follows
from the result of Exercise 5.1.9.

1
5.6.13. (a) Set u=x—|x|/|e; =-2/3| 1 |, and compute
1
1 -2 =2
2uu’ 1
R-—TI-""— -2 1 —2
u‘u 3

-2 =2 1

(You could also use u=x+ ||x||e;.)
(b) Verify that R=R?, RTR =1, and R?> =1
(¢) The columus of the reflector R computed in part (a) do the job.

5.6.14. Rx=x = 2uu*x=0 =— u*x=0 because u # 0.

5.6.15. If Rx =y in Figure 5.6.2, then the line segment between x —y is parallel to
the line determined by u, so x — y itself must be a scalar multiple of u. If
X —y = au, then

X—-y X-Yy

a Ix =yl

u=

It is straightforward to verify that this choice of u produces the desired reflector.

5.6.16. You can verify by direct multiplication that PTP =1 and U*U =1, but you
can also recognize that P and U are elementary reflectors that come from
Example 5.6.3 in the sense that

T
P:I—Q%, where u:x—e1:<m1~_1>
ulu X
and
Uu(IQuu>, where ux,uel<z1~u).
u‘u X

5.6.17. The final result is

_\/5/2
vy = V6/2
1

and

[0 VBVE Gia
Q:PZ(W/G)Py(_W/2)Pm(7T/4):Z 2 \/6—0\/5 —\/——Oﬁ

5.6.18. It matters because the rotation matrices given on p. 328 generally do not com-
mute with each other (this is easily verified by direct multiplication). For exam-
ple, this means that it is generally the case that

P, (¢)Pw (H)V #P, (Q)Py(¢)v'
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5.6.19.

5.6.20.

5.6.21.

Solutions

As pointed out in Example 5.6.2, u* = (u/ ||uH)L , SO we can assume without
any loss of generality that u has unit norm. We also know that any vector of
unit norm can be extended to an orthonormal basis for C"—FExamples 5.6.3 and

5.6.6 provide two possible ways to accomplish this. Let {u, vi, va,...,vp_1}

be such an orthonormal basis for C™.

Claim: span {vi,Vva,...,Vp_1} = ut.
Proof. x € span{vi,va,...,Vvp_1} = x=) Vv, = u'x=
Y,u'vi=0 = x¢€ ut, and thus span{vi,va,...,v,_1} C ut.
To establish the reverse inclusion, write x = apu+ > ; vy, and then note
that x Llu = O0=u*x=qoy = X € span{vy,va,...,v_1}, and
hence == wut Cspan{vi,va,...,Vu_1}.

Consequently, {vi,va,...,v,_1} is a basis for u' because it is a spanning set

that is linearly independent—recall (4.3.14)—and thus dim u* =n — 1.

The relationship between the matrices in (5.6.6) and (5.6.7) on p. 324 suggests
that if P is a projector, then A = I — 2P is an involution—and indeed this
is true because A? = (I — 2P)? = I — 4P + 4P? = 1. Similarly, if A is an
involution, then P = (I — A)/2 is easily verified to be a projector. Thus each
projector uniquely defines an involution, and vice versa.

The outside of the face is visible from the perspective indicated in Figure 5.6.6
if and only if the angle 6 between n and the positive x-axis is between —90°
and 490°. This is equivalent to saying that the cosine between n and e; is
positive, so the desired conclusion follows from the fact that

nTe1 T
cosf >0« —— >0<«<=n"e >0<=ny >0.
[l [[e1]]

Solutionsfor exercisesin section 5. 7

5.7.1.

(a) Householder reduction produces

1 0 0 1/3 —2/3 2/3 1 19 —34
RoRi\A=[0 -3/5 4/5 | —-2/3 1/3 23| -2 -5 20
0 4/5 3/5 2/3  2/3 1/3 2 8 37
315 0
={0 15 —-30| =R,
0 0 45
SO

. /3 14/15 —2/15
Q=R,R) = -2/3 1/3 2/3
2/3  —2/15 11/15
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5.7.2.

5.7.3.

69
(b) Givens reduction produces Po3P13P12A = R, where
1/v/5 —2/V5 0 Vv5/3 0 2/3
Po=|(2/V56 1/V/5 0 P3 = 0 1 0
0 0 1 -2/3 0 5/3
1 0 0
Pys=|(0 11/5v5 —2/5V5
0 2/5v5 11/5V5

Since P is an orthogonal matrix, so is P”, and hence the columns of X are
an orthonormal set. By writing

A_PTT_[X|Y](§) = XR,

and by using the fact that rank (A) =n = rank(R) =n, it follows that
R(A) = R(XR) = R(X)—recall Exercise 4.5.12. Since every orthonormal set
is linearly independent, the columns of X are a linearly independent spanning
set for R (A), and thus the columns of X are an orthonormal basis for R (A).
Notice that when the diagonal entries of R are positive, A = XR is the
“rectangular” QR factorization for A introduced on p. 311, and the columns of
X are the same columns as those produced by the Gram—Schmidt procedure.

-1
According to (5.7.1), set u= A, — ||A,i]e1 = _; , SO
1
4 2 =2 1 5 —15 )
uu® 1 2 1 4 =2 0 10 -5
Rl_I_2u*u_5 9 4 1 9 and RA = 0 —10 9
1 -2 2 4 0 5 14
10 15 -5
Next use u=| —-10 | — | 0 —10 | to build
5 0 5
3 0 0 0
2 =2 1
. * 1 1 _
Ry=T-22% — 2 2 —1 2 and Rp——|Y 2 72 1)
u*u 3 1 9 9 310 -2 1 2
0 1 2 2
S0
5 —15 5
0 15 0
RBiA=10 0 1
0 0 9
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5.7.4.

Solutions

. . 12 15 -3 .
Finally, with u = < 9> — ( 0) < 9) , build

500 0
- 174 3 05 0 0
RS_g(s —4) and Rs=21pg 94 3
0 0 3 —4
so that
5 —15 5
0 5 0
R3RoR1A = 0 0 15
0 0 0
R
Therefore, PA =T = 0 , where
12 6 -6 3 5 _15 5

1 _ —_
P= R3R2R1 = 1—5 g _2 g 13 and R= 0 15 0
0 0 15

0 —-10 —-11 -2
The result of Exercise 5.7.2 insures that the first three columns in
12 9 0 0
1 6 -8 -5 -—10

T— —_ —
PP=RiRRs=121 5 5 2 _1

3 -4 14 -2
are an orthonormal basis for R (A). Since the diagonal entries of R are positive,

129 0

5 -15 5
%5 _2 *g *g 0 15 0]=A
0 0 15

3 —4 14

is the “rectangular” QR factorization for A discussed on p. 311.
If A has full column rank, and if P is an orthogonal matrix such that

R c
PA—T—<O> and Pb—(d>7

where R is an upper-triangular matrix, then the results of Example 5.7.3 insure
that the least squares solution of Ax = b can be obtained by solving the
triangular system Rx = c. The matrices P and R were computed in Exercise
5.7.3, so the least squares solution of Ax = b is the solution to

5 —15 5\ [z 4 L4
0 15 0)|m|=|3) = x=_| 1
0 0 15) \ a3 33 11
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5.7.5. |A|lz = ||QR|z = |[R|z because orthogonal matrices are norm preserving
transformations—recall Exercise 5.6.9.

5.7.6. Follow the procedure outlined in Example 5.7.4 to compute the reflector

1 0 0
R:(_Zﬁ g;g), and thenset R=|[0 -3/5 4/5
0 4/5 3/5

Since A is 3 x 3, there is only one step, so P =R and

-2 -5 0
PTAP=H=| -5 -41 38
0 38 41

5.7.7. First argue that the product of an upper-Hessenberg matrix with an upper-
triangular matrix must be upper Hessenberg—regardless of which side the tri-
angular factor appears. This implies that Q is upper Hessenberg because Q =
HR~! and R™! is upper triangular—recall Exercise 3.7.4. This in turn means
that RQ must be upper Hessenberg.

5.7.8. From the structure of the matrices in Example 5.7.5, it can be seen that Pis
requires 4n multiplications, Pag requires 4(n— 1) multiplications, etc. Use the
formula 14+24---4+n=n(n+1)/2 to obtain the total as

4[n+(n—1)+(n—2)+-~-+2]=4(n2;_n—1> ~ 2n?,

Solutionsfor exercisesin section 5. 8

4 -1 (7))
13 0 o + g
28 2 ag + a1 + as
5.8.1. (a) o7 (b) 0 (c) ay + a
18 -1 (65)
0 0 0
0
5.8.2. The answer to both parts is 8
4

1 1 10
5.8.3. F2—(1 _1>, DQ—(O —i)’ and
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1 1 1 1 1 1 1 1
r |1 -1 -1 i r_ 1 -1 —i i
FaPo=17 1 1 4 )P=1 1 1 4
1 i -1 —i 1 -1 i —i

Fo —DyF,

1 1 1 0 1 1
1 -1 0 —i 1 -1 (Fg D2F2>

apfo

5.84. (a) aob= | “0Htabh
a1

0
apfo + apfr + a1y + a1 fr

apfy — iapfy — iy By — a1 6 A -
F b) = = (F F;b
1(2a©b) apfo — apfr — a1fo + a1 (F1a) x (Fab)
B +iag S +io By — anBa
(b) F;'[(Fsa) x (F4b)] =aob
5.8.5. p(z)q(x) = v0 + 112 + Yex? + y323, where

Yo
T = Fy[(Fad) x (Fab)]
Y2
V3
/11 1 1\ /-3 1 1 1 1\ /-4
[ Y (5 R R 2 1 i -1 i 3
=F, 1 -1 1 -1 ol 11 -1 1 41 0
L\1 i -1 i 0 1 i -1 —i 0
-1 1
I 43
=F, 5 || =7
L\ —3+2i 413
1 1 1 1 1 12
T [ T R O Iy (YGRS T/ I T
“2l1 -1 1 4 35 |~ 6
1 —i -1 i/ \6-17 0
3

5.8.6. (a) (i)@(;)z 180 , SO
0

4319 x 2119 = (8 x 10%) + (10 x 10*) 4 (3 x 10%)
= (9% 10%) + (0 x 10") + (3 x 10%) = 903.
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5.8.7.
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3
L 6 129
(b) 2110 1| s
3 1 6
0

1235 x 601g = (6 x 8%) + (12 x 83) + (19 x 82) + (2 x 8') + (3 x 8%).

Since
12=8+4 = 12x8 =(8+4)x8 =8+ (4x8

19=(2x8)+3 = 19x8 = (2x8% +(3x8?%,

we have that

1235 x 601 = (7 x 8*) + (6 x 8%) + (3 x 82) 4 (2 x 81) + (3 x 8°) = 76323.

—
o
S~—"
O = O =
®©
— O = =

O P FEFNORF~RO

10102 x 11015 = (1x2%)+ (1 x2%)+ (1 x24)+(2x23) + (0 x 22) + (1 x 21) + (0 x 2%).
Substituting 2 x 23 =1 x 2% in this expression and simplifying yields

10102 x 11015 = (1 x 27) 4 (0 x 2°) + (0 x 2°) 4 (0 x 2%)
+ (0% 2%) + (0 x 2%) + (1 x 21) 4 (0 x 2°)
= 10000010,.

(a) The number of multiplications required by the definition is

1424 4n-D+n+m-1)+ - +2+1

- 2(1+2+~~~+(n71)> +n
= (n—1Dn+n=n%
(b) In the formula a,x1 ® byx1 = Fy,! [(F2,4) x (F2,b)], using the FFT to
compute Fona and Fa,b requires (2n/2)log, 2n = n(1 + logyn) multiplica-
tions for each term, and an additional 2n multiplications are needed to form

the product (Fa,a)x (Fa,b). Using the FFT in conjunction with the procedure
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5.8.8.

5.8.9.
5.8.10.

5.8.11.

5.8.12.

Solutions

described in Example 5.8.2 to apply F~! to (Fg,a) x (anf)) requires another
(2n/2)logs 2n = n(1 + logyn) multiplications to compute Fa,X followed by
2n more multiplications to produce (1/2n)Fa,X = F5'x . Therefore, the total
count is 3n(1 + logy n) + 4n = 3nlogy n + Tn.

Recognize that y is of the form

y = 1(62 + 66) + 4(63 + 65) + 51(—61 + 67) + 31(—62 + 66).

The real part says that there are two cosines—one with amplitude 1 and fre-
quency 2, and the other with amplitude 4 and frequency 3. The imaginary
part says there are two sines—one with amplitude 5 and frequency 1, and the
other with amplitude 3 and frequency 2. Therefore,

x(7) = cosdnT + 4 cos 6mT + 5sin 277 + 3sin4dnT.

Use (5.8.12) to write a@ b = F~![(Fa) x (Fb)] = F~'[(Fb) x (Fa)] =a®b.
This is a special case of the result given in Example 4.3.5. The Fourier matrix
F,, is a special case of the Vandermonde matrix—simply let x’s that define
the Vandermonde matrix be the n'* roots of unity.

The result of Exercise 5.8.10 implies that if

ag Bo

a%_l and b= [ P ,

é:

0 2nx1 0

2nx1

then Fsy,a = p and F,,b = q, and we know from (5.8.11) that the ~;’s are
given by 7 = [a ® b]g. Therefore, the convolution theorem guarantees

Y p(1)gq(1)

1 A £)a(s
s | =a©b=Fl[(F2,8) x (F,5)] = Fy![p x a] = F3) p]éz;ggf%)

(a) This follows from the observation that QF has 1’s on the k" subdiagonal
and 1’s on the (n — k)" superdiagonal. For example, if n = 8, then

0 00 0 10

'®)

w

I
[eNeNoNell =R
S OO R OOOo
SO OO OO
O OO OO oo
_ OO oo oo
SO OO O oo
oS o oo oo
S oo oo~ OO
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5.8.13.

75

(b) If the rows of F are indexed from 0 to n — 1, then they satisfy the
relationships F.Q = &*Fy, for each k (verifying this for n = 4 will indicate
why it is true in general). This means that FQ = DF, which in turn implies
FQF! =D.

(c) Couple parts (a) and (b) with FQ*F~! = (FQF~1)* = D* to write

FCF ! =Fp(QF!
=Flol+aQ+ -+ Q" HF !
=cl+FQF 1 + ... 4 ¢, [FQ" 'F!
=cl+eD+--+c¢,D*H

p(1) 0 .- 0
|0 (&) - 0
0 0 - p(en)

(d) FCF~! = D; and FCyF~! = Dy, where D; and Dj are diagonal
matrices, and therefore

C,Cy, = F 'D;FF'DyF = F'D;D,F = F'D,D,F = F !D,FF'D,F
= C,C;.

(a) According to Exercise 5.8.12,

00 Opn-1 *'° 01 p(1) 0 .- 0

o1 o) S 09 . 0 p(é’) . 0 o
c=| . . G L . |F=F 'DF

On—1 Opn—29 <o 0p 0 0 e p(é'"_l)

in which p(z) = op+o12+---+0,_12" L. Therefore, x = C~'b=F D~ !Fb,
so we can execute the following computations.

p(0) 0]
(i) P(:ﬁ) —F J:l using the FFT
p(fn_l) Opn—1

(ii) x+«— Fb wusing the FFT
(iii) @ «— x1/p(€¥) for k=0,1,...,n—1
(iv) x+«— F~lx  using the FFT as described in Example 5.8.2
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(b) Use the same techniques described in part (a) to compute the k" column
of C~! from the formula

[C™ sk = Clep = F'D 'Fe,

=F ' (D7 '[F].s)
1/p(1)
€5 /p(¢)

—Fl | &F/pE)

fn—k/p(gn—l)
(c) The k*" column of P = C;C; is given by

P., = Pe, = F'D,FF 'D,Fe;, = F! (DlDQ[F]*k)

If (69 01 -+ op-1)and (no m -+ Np—1) arethe first rowsin C; and
Cs, respectively, and if p(x) = ZZ;& orrk and q(z) = ZZ;S nex® , then first
compute
p(0) a0 q(0) o
p(f) 01 q(§) m
pP= . —F . and q= . —F .
p(€" ) On—1 q(€" ") -1

The k** column of the product can now be obtained from
P.s <—F*1(p X q X F*k> for k=0,1,...,n—1.

5.8.14. (a) For n =3 we have

apg 0 0 0 e o Bo apfo

a1 ap 0 0 0 ao 51 180 + apfr
Ch— | @ @ @ 0 0 O Po | _ | @2b0 + 11+ aofe

0 ay a1 a9 0 O 0 a1 + a1 B

0 0 as a1 ag O 0 asfo

0 0 0 Qo Q1 O 0 0

Use this as a model to write the expression for C‘E)7 where n is arbitrary.

(b) We know from part (c) of Exercise 5.8.12 that if F is the Fourier matrix
of order 2n, then FCF~! =D, where
p(1) 0 .- 0
0 pe) - 0 ) . .
D= ) . . (the £%’s are the 2n'"™ roots of unity)

00 pen
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in which p(x) = ag + a1z + -+ + a, 12"~ 1. Therefore, from part (a),
F(a®b) = FCb = FCF~'Fb = DFb.

According to Exercise 5.8.10, we also know that

and hence

F(a®b) = DFb = (Fa) x (Fb).

5.8.15. (a) P,x performs an even—odd permutation to all components of x. The matrix

_(P., 0
(IQ®P"/2)( 0 Pn/2>x

performs an even—odd permutation to the top half of x and then does the same
to the bottom half of x. The matrix

P, O 0 0
[ o P, o0 0
LoP.)=| 4 o P, o0 |~

o o o0 P,

performs an even—odd permutation to each individual quarter of x. As this
pattern is continued, the product

Rn = (Igr—l X PQI)(IQT—2 9 P22) s (121 X PQr—l)(IQO X PQT)X

produces the bit-reversing permutation. For example, when n = 8§,
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Rsx = (I ® P2)(I, ® Py)(I; ® Pg)x

Zo
A
PQ 0 0 0 )
_OPQOO(P40>P T3
10 o P, 0O 0 P,/ % a4
0 0 0 P, Ts5
T
g
Zo
€2
P, O 0 0 T4
_ 0 P2 0 0 P4 0 Tg
o 0 0o P, O (0 P4> 56_1
0 0 0 P Z3
Z5
X7
Zo To
Ty T4
P, 0 0 0 T2 o
0 P, 0 0 L6 Tg 1 0
= 0 0 Py, 0 $_1 = 2 because P2—(0 1).
0 0 0 P2 Ts5 T5
T3 z3
X7 T

(b) To prove that Isr—x @ For = LoxRgr using induction, note first that for
k=1 we have

Lo=(I-1®Bo)l =11 ®Fy and Re=I,I,,-1@Py)=1,1,=1,,
so LoRy = Iy--1 @ F9. Now assume that the result holds for k = j—i.e., assume
Inr—; ® Fo; = LgiRo;.

Prove that the result is true for k = j + 1—i.e., prove
Iyr o1 @ Fojt1 = Lgj+1Rojt1.

Use the fact that Faj+1 = Boj+1(Io @ F;)Pgj+1 along with the two basic prop-
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erties of the tensor product given in the introduction of this exercise to write

127‘7(]‘1»1) QFojt1 = I2r—(j+1) ® Boj+1 (12 (9] F2j)P2j+1
= (Igr—<j+1) ® Boj+1 (I ® sz)) (Igrf(jJrl) ® P2.7’+1)

= (Iyr—G+») @ Bojt1)(Ipr—+1) @ Ip @ Foj ) (Inr—+1) @ Payjir)
= (Iyr—G11 @ Bojt1)(Ior—i @ Foi)(Inr—11) @ Pojt1)

= (Iyr-G+1) @ Boit1)Lgi Roj (Ipr—+1) @ Poj+1)

= Loi+1Rygj+1.

Therefore, Inr—x ® For = LoxrRor for k=1,2,...,7, and when k =r we have
that F,, = L,R,,.
5.8.16. According to Exercise 5.8.10,

Qo p(1)
ai P(ﬁ%
F,a=Db, where a= a2 and b= p(&?)
Q1 p(gn—l)

By making use of the fact that (1/y/n)F,, is unitary we can write

n—1 n—1
Z ‘p(fk)|2 =b*b = (F,a)"(F,a) =a"F;F,a=a"(nl)a=n Z |cuk|2 .
k=0 k=0

5.8.17. Let y = (2/n)Fx, and use the result in (5.8.7) to write

2
Iyll” =

> ((ak —ifk)es, + (ar + iﬁk)en—fk)
k
> (lae = 180l + o +iB4[?)
k
23" (az + ﬁg).
k

But because F*F = nl, it follows that

2
4 4

= —2X*F*FX =
n

2
= Il

2
2
vl = |3

so combining these two statements produces the desired conclusion.
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5.8.18. We know from (5.8.11) that if p(z) = ZZ;& arz®, then

2n—2

P(z) =) [aoala”.

k=0

The last component of a ® a is zero, so we can write

2n—2 n—1 2
c'laca)= Y lacalm* =p*(n) = (Zawk> = (c"a)”.
k=0

k=0
5.8.19. Start with X «— rev(x) = (2o x4 22 T 21 T5 T3 T7).
For 7=0:

D — (1)

XO (29 2o 1 x3)

XD — (x4 z 5 T7)

XO 4D xxX®

(X<0> —D x X(1)>
B (Jc0+x4 To+Tg T+ x5 x3+x7>
- 2x8

ro— Ty X2 —Tg IT1 — 5 X3 — X7
For j=1:

o ()= (&)

X0 _ (ToTTs T1+Ts
Top—Tyg X1 — X5

X —

x(1) (T2t T T3t a7
To —Tg X3 — X7

XO D xX®
X (X(0> ~Dx X<1>>

To+xTa+ T2+ Tg r1+x5+ x3+ a7
2 2 2 2
_ | ®o—®a+Ew2 — &6 Ty — x5 + w3 — {Cwy
To+ Ty — T2— Tg r1+Ts— XT3— X7
2 2 2 2
To— T4 — 20 + ET6 x1— 25 — &3+ 617/ 40
For j=2:
1 1
efﬂ"i/ﬁl
D«—
o—2mi/4 2
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To+xy+ T2+ Tg

x(0) | To— T2+t §xg — s
To+Tg— T2— Te
zo — x4 — 2wy + L
r1+Ts+ x3+ 27
X1 | Tt a3 — a7
X1 +2Ts— X3— T7

xy — x5 — a3 + a7
XO rpxXx®
X‘_<x<0>Dxx<l>>
To+Ta+ 22+ T+ 1+ T+ T3+ 27

zg — x4 + 229 — g+ & 11— Eas + Eaz — Sy
o+ a4 — To— 6+ a1+ Eus — sz — Cay
| w0 — w4 — o + a6 + 21 — a5 — Eus + Oy
o+t w2+ we— M — w5— T3— 27
To — x4 + Exy — E2x6 — & 11+ & w5 — Eaz + Sy
o+ as— ®2— w6 — &y — a5 + s + Cay

zo — x4 — Exo + 26 — Ea1 + Eus + Pz — Oy / oy

To verify that this is the same as Fgxg, use the fact that ¢ = —¢2, ¢2 = —¢6,
=€ and &' = -

Solutionsfor exercisesin section 5. 9

5.9.1. (a) The fact that

1 1 1
rank (B) = rank[X|Y] =rank [ 1 2 2| =3
1 2 3
implies Bx U By is a basis for R3, so (5.9.4) guarantees that X and ) are
complementary.
(b) According to (5.9.12), the projector onto X along )Y is
Cofr Loy /1T
P:[X|0HX|Y] =1 2 0 1 2 2
1 20 1 2 3
1 1 0 1 1
=1 2 0 —1 ,
1 20
and (5.9.9) insures that the complementary projector onto ) along X is

0 -1 1
Q=I-P=(0 -2 2
0 -3 3
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5.9.2.

5.9.3.

5.9.4.

5.9.5.

Solutions

(d) Direct multiplication shows P? =P and Q? = Q.
(e) To verify that R(P) =X = N (Q), you can use the technique of Example
4.2.2 to show that the basic columns of P (or the columns in a basis for N (Q))
span the same space generated by Bxy. To verify that N (P) = ), note that
1 0
P|2]|=]|0] together with the fact that dim N (P) =3 — rank (P) = 1.
3 0
There are many ways to do this. One way is to write down any basis for R°—say
B = {x1,X2,X3,X4, X5 }—and set

X =span{x1,x2} and Y = span{x3,X4,X5}.

Property (5.9.4) guarantees that X and ) are complementary.
Let X = {(a,a)]a € R} and Y = R? so that R2 =X + Y, but XNY # 0.
For each vector in R2? we can write

(z,y) = (z,2) + (0,y —2) and (z,9) = (y,9) + (z —y,0).

Exercise 3.2.6 says that each A € R"*™ can be uniquely written as the sum of
a symmetric matrix and a skew-symmetric matrix according to the formula
A+AT A AT
A=2ER ,
2 2

so (5.9.3) guarantees that R™*"™ = S @ K. By definition, the projection of A
onto § along K is the S-component of A —mnamely (A + AT)/2. For the
given matrix, this is

1 3 5
A+ AT
+T =13 5 7
5 79
(a) Assume that XNY = 0. To prove By UBy is linearly independent, write

m n m n
doaxi+Y Biy;=0 = Y axi=—Y By,
i=1 Jj=1 i=1 Jj=1

m
- ZaiXiEXﬂyZO

i=1

= Zaixi =0 and Zﬁjyj =0
i=1 j=1
- alz"':am:ﬂlz"':ﬂnzo

(because By and By are both independent).
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5.9.6.

5.9.7.

5.9.8.

5.9.9.

5.9.10.

83

Conversely, if By U By is linearly independent, then

veXny = V:iaixi and V:zn:ﬁij

=1 j=1
m n
= Y aixi—) fy;=0
i=1 j=1
= a==apn=0B1=--=0,=0
(because By U By is independent)
= v=0.

(b) No. Take X to be the zy-plane and Y to be the yz-plane in R* with
By = {e1,es} and By = {es,es}. We have By U By = {ej,es,e3}, but
XNY#0.

(¢) No, the fact that By U By is linearly independent is no guarantee that
X 4+ is the entire space—e.g., consider two distinct lines in $3.

If x is a fixed point for P, then Px = x implies x € R(P). Conversely, if
x € R(P), then x = Py for some y € V = Px=Py=Py=x.

Use (5.9.10) (which you just validated in Exercise 5.9.6) in conjunction with the
definition of a projector onto X to realize that

xeX <= Px=x<+<=x€R(P),

and
xeRP)—=Px=x<—= (I-P)x=0<xc N(I-P).

The statements concerning the complementary projector I — P are proven in a
similar manner.

If 0 is the angle between R (P) and N (P), it follows from (5.9.18) that ||P||, =
(1/sin@) > 1. Furthermore, |P||, =1 if and only if sinf =1 (ie., 0 =7/2),
which is equivalent to saying R (P) L N (P).

Let 6 be the angle between R(P) and N (P). We know from (5.9.11) that
R(I-P)=N(P) and NI-P) = R(P), so 6 is also the angle between
R(I-P) and N (I —P). Consequently, (5.9.18) says that

1
I-P|l,=——=|P|,.
|| ||2 sin 6 || ||2

The trick is to observe that P = uv” is a projector because vI'u =1 implies

P2 = uvTuv?” = uv” = P, so the result of Exercise 5.9.9 insures that

= uv ], = [Juv], -
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5.9.11.
5.9.12.

5.9.13.

Solutions

To prove that ||uvTH2 = |lully |||y, start with the definition of an induced
matrix given in (5.2.4) on p. 280, and write HuvTH2 = maX||x||,=1 HuvTx||2. If
the maximum occurs at x = x¢ with [|xg|/, =1, then

[hav ™, = [fav* o], = Tull, [v* o

< [[ully [Iv[l5 [[%oll, by CBS inequality

= llully vl -
But we can also write
[KdE (v"v) _ [uv'v]
[ally vlly = l[ally =2 = [ull, = :
vl vl vl
uv’ <L) < max HuvTxH2
IVl /Iy~ ixlla=1
= [[uvl,
S0 HuvTH2 = |lully [|v]l,. Finally, if P =uv”, use Example 3.6.5 to write
P2 = trace (PTP) = trace(vul uv?) = trace(u’uv’v) = |ju|]3 ||v|3 .

p=Pv=[X]|0][X|Y] 'v=[X|0]z=Xz
(a) Use (5.9.10) to conclude that

RP)=R(Q) = PQ,;=Q,;, and QP,;=P,; Vj
= PQ=Q and QP=P.

Conversely, use Exercise 4.2.12 to write

{PQ=Q = R(Q)CR(P)

QP-P — R(P)QR(Q)} = RP)=RQ)

(b) Use NP)=N(Q)<= RI-P)=R(I-Q) together with part (a).
(c) From part (a), E;E; = E; so that

(XJ: Oszj>2 _ Z Xj: a0, BE; = Z 2]: ;04 E;
- (Zai) (zj:ajE]) = zj:o‘jEi'

i

According to (5.9.12), the projector onto X along Y is P =B (I(; g) B!,
where B = [X|Y] in which the columns of X and Y form bases for X
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5.9.15.

5.9.16.
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and ), respectively. Since multiplication by nonsingular matrices does not alter

the rank, it follows that rank (P) = rank (I(; 8) = r. Using the result of

Example 3.6.5 produces

. IT 0 -1 _ Ir 0 -1
trace (P) = trace [B ( 0 O) B ] = trace {( 0 0) B B}

I. 0
—trace<0 O)—r—rank(P).

(i) = (i): f v=xy+ - +x and v=y;1 + - +yg, where x;,y; € &,
then

k -1
Y xi—y)=0 = (xk—yr)=— (xi—yi)
i=1 i=1
= (Xk—yr) €EXN(X+- +X1)=0
k—1
— X, =yr and Z(xi —vyi)=0.
i=1

Now repeat the argument—to be formal, use induction.

(ii) == (iii) : The proof is essentially the same argument as that used to
establish (5.9.3) = (5.9.4).

(iii) = (i) : B always spans X; + X3+ -+ X}, and since the hypothesis is
that B is a basis for V, it follows that B is a basis for both V and X;+-- -+ X}.
Consequently V = Xy + X5 + - - - + X. Furthermore, the set By U---UBk_1 is
linearly independent (each subset of an independent set is independent), and it
spans Vi_1 = X1+ +X_1, so B1U---UBi_1 must be a basis for V;_;. Now,
since (BiU---UBk_1)UBy, is a basis for V = (X1+- - -+ X—1)+ Xy, it follows from
(5.9.2)*(5.9.4) that V = (X1 +o F X)) O X, so XpN(X 4+ A1) =0.
The same argument can now be repeated on V;_1—to be formal, use induction.

We know from (5.9.12) that P = Q ((I) g) Qland I-P=Q (g (I)) Q!
S0
pap-q(y o)aa(3r A%)aa(y o)a”

. A, O -1
oy
The other three statements are derived in an analogous fashion.

According to (5.9.12), the projector onto X along Y is P = [X|0] [X|Y]_17
where the columns of X and Y are bases for X and ), respectively. If
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5.9.17.

Solutions

[anr|Y]71 = <A8<n> , then

P= [anr ‘ 0] <A8<n) = anrAan-

The nonsingularity of [X | Y] and <‘é> insures that X has full column rank

and A has full row rank. The fact that AX =1, is a consequence of

(5 9) =y xvi= (%) Kool V) = (&x oy )

(a) Use the fact that a linear operator P is a projector if and only if P is
idempotent. If EF = FE =0, then (E+F)? = E+F. Conversely, if E+F is
a projector, then

(E+F)?=E+F — EF+FE=0
— EEF+FE)=0 and (EF+FE)E=0
= EF =FE
= EF =0=FE (because EF +FE = 0).

Thus P = E + F is a projector if and only if EF = FE = 0. Now prove that
under this condition R (P) = X; @ X;. Start with the fact that z € R (P) if and
only if Pz = z, and write each such vector z as z=x;+y; and z = X +ya,
where x; € &; and y; € V; so that Ex; = x;, Ey; = 0, Fxs = x5, and
Fy; = 0. To prove that R(P) =X} + X, write

zeR(P) — Pz=z — (E+F)z=1z
= (E+F)(x2+y2) = (x2+y2)
— Ez=y, = X1 =Yy
= z=x1+xeX+X = R(P)CX +A,.

Conversely, X} + X2 C R (P) because

z € X+ Xy Z = X1 + X, where x; € Xj and xg € As
x1 =Ex; and x5 =Fxy

Fx; = FEx; =0 and Exy = EFxy =0
Pz=(E+F)(x1+x2)=%x1+x0=2

z € R(P).

Frel

The fact that X; and X are disjoint follows by writing

zeXiNXy = Ez=z=Fz — z=EFz=0,
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and thus R (P) = X; ® X, is established. To prove that N (P) = Yy N}k, write

Pz=0 = (E+F)z=0 — Ez=-Fz
— Ez=-EFz and FEz=-Fz
— Ez=0 and O0=Fz — zc)Y N

5.9.18. Use the hint together with the result of Exercise 5.9.17 to write

E — F is a projector <= I — (E — F) is a projector
<= (I- E) +F is a projector
& (I-E)F =0=F(I-E)
<— EF =F =FE.

Under this condition, Exercise 5.9.17 says that
RI-E+F)=RI-E)oR(F)and NI-E+F)=N({I-E)nN(F),
so (5.9.11) guarantees

RE-F)=NA-E+F)=NI-E)nN(F)=RE)NNF)=xNn,
NE-F)=RI-E+F)=RI-E)&R(F)=N(E)aR(F) =), & X

5.9.19. If EF =P = FE, then P isidempotent, and hence P is a projector. To prove
that R(P) =X} N Xy, write

zec R(P) Pz=1z
E(Fz)=z and F(Ez)=z
ZER(E)QR(F)Z.Xl N Xo

R(P) C X NA,.

I

Conversely,
zeXiNXy — Ez=2z=Fz — Pz=z — X NA CR(P),
and hence R (P)= &) N AX,. To prove that N (P) = ), + )», first notice that
ze N(P) = FEz=0 — Eze N (F).
This together with the fact that (I — E)z € N (E) allows us to conclude that

z=(I-E)z+Eze NE)+ N((F)=)Y+), = N(P)C )V + o
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5.9.20.

Solutions

Conversely,

zeW+Yo = z=y;+Yyo, wherey; € Y, fori=1,2
— Ey; =0 and Fy,=0
= Pz=0 = Y1+, CN(P).

Thus N (P) = y1 + yg.
(a) For every inner pseudoinverse, AA~ is a projector onto R(A), and I —
A~ A is a projector onto N (A). The system being consistent means that

beR(A) = R(AA‘) — AA"b=b,
so A~ b is a particular solution. Therefore, the general solution of the system is
A b+N(A)=A"b+R(I-AA).

(b) A~ A isaprojector along N (A), so Exercise 5.9.12 insures Q(A~A) =Q
and (AA)Q = (A~ A). This together with the fact that PA = A allows us
to write

AXA=AQATPA=AQATA=AQ=AATAQ=AATA=A
Similarly,
XAX =(QATP)JA(QA'P)=QA (PA)JQA"P=QA AQA™P
=QATAQATP=QATA)ATP=QATP=X,

so X is a reflexive pseudoinverse for A. To show X has the prescribed range
and nullspace, use the fact that XA is a projector onto R(X) and AX is a
projector along N (X) to write

R(X)=R(XA)=R(QAPA)=R(QA A)=R(Q) =L

and N(X)=N(AX)=N(AQA P) =N (AA"AQA"P)

— N(AA“AA"P) = N(AA"P)=N(P)= M.

To prove uniqueness, suppose that X; and Xy both satisfy the specified con-
ditions. Then

N(XQ):M:R(I—Axl) - X2(I—AX1)=O — Xy =XsAX;

and
R(X2A)=R(X2)=L=R(X;) = X;AX; =Xj,

SO X2 = Xl-
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Solutionsfor exercisesin section 5. 10

5.10.1.

5.10.2.

5.10.3.

5.10.4.

5.10.5.

Since index(A) =k, we must have that
rank (Ak_l) > rank (Ak) = rank (AkH) = ... =rank (A%) =

so rank (A*) = rank(A*)?, and hence index(A*) < 1. But A" is singular
(because A is singular) so that index(AF) > 0. Consequently, index(AF) = 1.
In this case, R (Ak) =0 and N (A’“) = R"™. The nonsingular component C
in (5.10.5) is missing, and you can take Q = I, thereby making A its own
core-nilpotent decomposition.

If A is nonsingular, then index(A) = 0, regardless of whether or not A is
symmetric. If A is singular and symmetric, we want to prove index(A) = 1.
The strategy is to show that R(A) N N (A) = 0 because this implies that
R(A)@® N (A) =R". To do so, start with

x€R(A)NN(A) = Ax=0 and x=Ay forsome y.

Now combine this with the symmetry of A to obtain

T

xI'=yTAT =yTA —= xTx=y"Ax=0 = ||x||§:0 = x=0.

index(A) = 0 when A is nonsingular. If A is singular and normal we want
to prove index(A) = 1. The strategy is to show that R(A)N N(A) = 0
because this implies that R (A)®N (A) = C". Recall from (4.5.6) that N (A) =
N (A*A) and N (A*) = N (AA*), so N(A) =N (A*). Start with

x€R(A)NN(A) = Ax=0 and x=Ay forsome vy,
and combine this with N (A) = N (A*) to obtain
A'x=0and x=Ay = x'x=y"A'x=0 = Hng:o = x=0.

Compute rank (A°) =3, rank(A) =2, rank (A?) =1, and rank (A%) =1,
to see that k = 2 is the smallest integer such that rank (Ak) = rank (Ak+1),
so index(A) = 2. The matrix Q = [X|Y] is a matrix in which the columns of
X are a basis for R (AZ)7 and the columns of Y are a basis for IV (AQ). Since

110
Exo=10 0 0],
0 0 0
we have
-8 -1 0 -8 -1 0
X=1 12 and Y = 1 0], so Q=] 12 1 0
8 0 1 8 0 1
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5.10.6.

Solutions

It can now be verified that

1/4 1/4 0 -2 0 -4 -8 -1 0 2 0 0
Q'AQ=| -3 -2 0 4 2 4 12 1 0|=(0 -2 4],
-2 -2 1 3 2 2 8 0 1 0 -1 2
where
C=[2 and N:(j )

4
2
-1 -1 0
~1
and N? = 0. Finally, A” =Q <C 0) Ql= (3/2 3/2 0
1 1 0

(a) Because

1-AX 0 0 0 0

0 1—-A 0 0 0
J- A= 0 0 1-A 0 0 ,

0 0 0 2—-A 0

0 0 0 0 2-A

and because a diagonal matrix is singular if and only if it has a zero-diagonal
entry, it follows that J— AI is singular if and only if A=1 or A=2, so A\; =1
and Ay = 2 are the two eigenvalues of J. To find the index of A;, use block
multiplication to observe that

J-1I= 0 0 — rank (J —1) =2 = rank (J — 1)°.
0 Ibxo

Therefore, index(\;) = 1. Similarly,

J—2I:<_ISX3 8) and  rank (J — 2I) = 3 = rank (J — 2I)?,

so index(Aq) = 1.

(b) Since
1-x 1 0 0 0
0 1-Xx 1 0 0
J- A= 0 0 1-X 0 0 ,
0 0 0 2-Xx 1
0 0 0 0 2—-A

and since a triangular matrix is singular if and only if there exists a zero-diagonal
entry (i.e., a zero pivot), it follows that J — AI is singular if and only if A =1
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5.10.8.

5.10.9.
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or A =2, s0 A\ =1 and Ay = 2 are the two eigenvalues of J. To find the
index of Aj, use block multiplication to compute

01000 00100
00100 00000
J-1=]00 0 0 0], F-12=|00 0 0 0],
000 1 1 000 1 2
0000 1 000 0 1
00000 00000
00000 00000
F-13=|00 00 0], J-1*=|0 00 0 0
0001 3 0001 4
0000 1 0000 1

Since
rank (3 = 1) > rank (J —1)*> > rank (J — 1)® = rank (J = T)*,
it follows that index(A;) = 3. A similar computation using Ay shows that
rank (J — 21) > rank (J — 21)* = rank (J — 21)°,

so index(Ay) = 2. The fact that eigenvalues associated with diagonal matrices
have index 1 while eigenvalues associated with triangular matrices can have
higher indices is no accident. This will be discussed in detail in §7.8 (p. 587).
(a) If P is a projector, then, by (5.9.13), P = P2 so rank (P) = rank (P?),
and hence index(P) < 1. If P #1, then P is singular, and thus index(P) = 1.
If P =1, then index(P) = 0. An alternate argument could be given on the
basis of the observation that #" = R (P) @& N (P).

(b) Recall from (5.9.12) that if the columns of X and Y constitute bases for
R(P) and N (P), respectively, then for Q = [X|Y],

ara- (4 o).

and it follows that <é[) 8) is the core-nilpotent decomposition for P.

Suppose that Zi:ol a;N'x = 0, and multiply both sides by N¥~! to ob-
tain oyN*"!x = 0. By assumption, N*¥~!x # 0, so ag = 0, and hence
Z;:ll a;N’x = 0. Now multiply both sides of this equation by N*~2 to pro-
duce a1N¥~1x = 0, and conclude that a; = 0. Continuing in this manner (or
by making a formal induction argument) gives ag = a3 =ag = -+ = a1 = 0.
(a) beR(AF¥)CR(A) = beR(A) = Ax=b is consistent.
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5.10.10.

5.10.11.

5.10.12.

Solutions

(b) We saw in Example 5.10.5 that when considered as linear operators re-
stricted to R(A’C), both A and AP are invertible, and in fact they are
true inverses of each other. Consequently, A and AP” are one-to-one map-
pings on R (AF) (recall Exercise 4.7.18), so for each b € R(A") there is

a unique x € R(Ak) such that Ax = b, and this unique x is given by

x=(A/uan) D=APD.

(c) Part (b) shows that APb is a particular solution. The desired result follows
because the general solution is any particular solution plus the general solution
of the associated homogeneous equation.

Notice that AAD = Q ((I) g

(p. 398). I— AAP is the complementary projector, so it projects onto N (Ak)
along R (A’“).

In each case verify that the axioms (A1), (A2), (A4), and (A5) in the definition
of a vector space given on p. 160 hold for matrix multiplication (rather than
+). In parts (a) and (b) the identity element is the ordinary identity matrix,
and the inverse of each member is the ordinary inverse. In part (c), the identity

element is E = (%g iZ) because AE = A = EA for each A € G, and

) Q~!, and use the results from Example 5.10.3

« # 1 1 1
= — because AA# = E = A#A.
@ 4o \ 1 1

(a) = (b): If A belongs to a matrix group G in which the identity element
is E, and if A# is the inverse of A in G, then A#¥A2 =EA = A, so

o
o
a)

x€R(A)NN(A) = x=Ay for somey and Ax=0
= Ay=A7A%y=A7Ax=0
= x=0.

(b) = (c): Suppose A is n xn, and let Br and By be bases for R (A)
and N (A), respectively. Verify that B= R(A)N N (A) =0 implies Bg N By
is a linearly independent set, and use the fact that there are n vectors in B to
conclude that B is a basis for R". Statement (c) now follows from (5.9.4).

() = (d): Use the fact that R (A*)NN (A*)=o0.
(d) = (e): Use the result of Example 5.10.5 together with the fact that
the only nilpotent matrix of index 1 is the zero matrix.

(e) = (a): It is straightforward to verify that the set
G = {Q (XBXT 8) Q! ’X is nonsingular}

is a matrix group, and it’s clear that A € G.
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(a) Use part (e) of Exercise 5.10.12 to write A = Q CBXT g) Q. For the

given E, verify that EA = AE = A for all A € G. The fact that E is the
desired projector follows from (5.9.12).

(b) Simply verify that AA# = A#A = E. Notice that the group inverse
agrees with the Drazin inverse of A described in Example 5.10.5. However, the
Drazin inverse exists for all square matrices, but the concept of a group inverse
makes sense only for group matrices—i.e., when index(A) = 1.

Solutionsfor exercisesin section 5. 11

5.11.1.

5.11.2.

5.11.3.

5.11.4.

5.11.5.

Proceed as described on p. 199 to determine the following bases for each of the
four fundamental subspaces.

2 1 1
R(A) = span -11], -1 N (AT) = span 0
-2 -1 1
—1 1 0
N (A) = span 1 R (AT) = span 0], 1
1 1 -1

Since each vector in a basis for R (A) is orthogonal to each vector in a basis
for N (AT), it follows that R(A) L N (AT). The same logic also explains
why N(A) LR (AT). Notice that R(A) is a plane through the origin in R3,
and N (AT) is the line through the origin perpendicular to this plane, so it
is evident from the parallelogram law that R(A) ® N (AT) = R3. Similarly,
N (A) is the line through the origin normal to the plane defined by R (AT), SO
NA)®R (AT) =R3,

YL =0, and 0+ = V.
1 2
If A= (2) 411 , then R(A) =M, so (5.11.5) insures M+ = N (AT). Using
3 6
-2 -3
row operations, a basis for N (AT) is computed to be (1) , 8
0 1

Verify that M is closed with respect to vector addition and scalar multipli-
cation. If x,y € M+, then (m|x) = 0 = (mly) for each m € M so that
(m|x+y) =0 for each m € M, and thus x+y € M=*. Similarly, for every
scalar @ we have (m|ax) = a (m|x) =0 for each m € M, so ax € M+,

(a) xXENtT=xINOM=x1M=xc M.
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5.11.6.

5.11.7.

5.11.8.

Solutions

(b) Simply observe that

XxeEM+Nt—=xLM+N)
—x1lMandx LN

= xe (M nNt).
c) Use part (b) together with (5.11.4) to write
(c) part (b) tog ( )
(ME A = MY AN = M,

and then perp both sides.
Use the fact that dim R (AT) = rank (AT) = rank (A) = dim R (A) together
with (5.11.7) to conclude that

n=dmN (A) +dim R (AT) = dim N (A) + dim R (A).

U is a unitary matrix in which the columns of U; are an orthonormal basis for
R(A) and the columns of U, are an orthonormal basis for N (AT), so setting
X =U;, Y=U, and [X|Y]"' = UT in (5.9.12) produces P = U, U7,
According to (5.9.9), the projector onto N (AT) along R(A) is I-P =1-
U, U =U,U7.

Start with the first column of A, and set u = A,; +6e; = (2 2 —4 )T to
obtain

oua” 1( 2 -1 2 -6 0 -6 -3
Ri=I-"7-=2|-1 2 2 and RyA=| 0 0 0 0
uu 2 2 -1 0 -3 0 0

Now set u = (_g) + 3e; = <_:Z:> to get

10 0
. 2uul

R2=I—%=<? é) and RQ:((l) fg)— 00 1],

uwu 2 01 0

SO
2 1 2 6 0 -6 -3 B
P=RRi=-| 2 2 —1|andPA=| 0 =3 0 0 —(0>
1 2 2 0 0 0 0
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Therefore, rank (A) = 2, and orthonormal bases for R(A) and N (AT) are
extracted from the columns of U = P as shown below.

2/3 2/3 -1/3
R(A) =span{ | —1/3 |, 2/3 and N (AT) = span 2/3
2/3 ~1/3 2/3
Now work with B”, and set u= (B1,)T +9%;=(3 0 —6 —3)" to get
2.0 2 1 -9 0
2au” 1[0 3 0 0 T _ 0 -3 (T
Q=I-"7y 3|2 0 -1 2| 2d QB o of \o)
10 -2 2 0 0

Orthonormal bases for R (AT) and N (A) are extracted from the columns of
V =QT = Q as shown below.

2/3 0 2/3 1/3
™ 0 1 B 0 0
R (A") =span 23] | o and N (A)=span “as || —2ys
1/3 0 —2/3 2/3
A URV factorization is obtained by setting U =P7, V =Q7, and
-9 0 00
T
R — <“€) g) = 0o =300
0 0 0 O
10 1 1/2
Using EAa=[0 1 0 0 along with the standard methods of Chapter 4,
000 O
we have
—4 9 1
R(A) = span 21, | -2 and N (AT) = span 2 ,
—4 1 2
1 0 1 —1/2
R(AT) = span L and N (A) = span 0 0
1 10 1]’ 0
1/2 0 0 1

Applying the Gram—Schmidt procedure to each of these sets produces the fol-
lowing orthonormal bases for the four fundamental subspaces.

-2 -2 -1
1 1 1
-2 1 2
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5.11.10.

5.11.11.

5.11.12.

5.11.13.

Solutions

2 0 -1 -1

1{o0 1 1 [ 0 1 0
Baay=y3( 2| | o v =151 1] 37| 1
1 0 0 4

The matrices U and V were defined in (5.11.8) to be

1 -2 -2 -1
-2 1 2
and
2 0 -3/V2 -1/V2
110 3 0 0
V_<BR(AT)UBN<A>)_§ 2.0 3/V2 —-1/\2
10 0 4/2
Direct multiplication now produces
9 0 0 O
R=UTAV=(0 3 0 0
0 00O

According to the discussion of projectors on p. 386, the unique vectors satisfying
v=x+y, x€ R(A), and y € N (A”) aregivenby x = Pv and y = (I-P)v,
where P is the projector onto R (A) along N (AT). Use the results of Exercise
5.11.7 and Exercise 5.11.8 to compute

L8 2 2 4 —1
P=UU'=-[|2 5 4|, x=Pv=|1],y=0-P)v=| 2
I\2 4 5 1 2

Observe that
R(A)NN(A)=0 = index(A) <1,

R(A) L N(A) = A is singular,
R(A) LN(A) = R(AT)#R(A).
It is now trial and error to build a matrix that satisfies the three conditions on

the right-hand side. One such matrix is A = R

R(A) LN(A) = R(A)NN(A)=0 = index(A) =1 by using (5.10.4).
The example in the solution to Exercise 5.11.11 shows that the converse is false.
The facts that real symmetric = hermitian = normal are direct conse-
quences of the definitions. To show that normal = RPN, use (4.5.5) to write
R(A) = R(AA*) = R(A*A) = R(A*). The matrix (1i ;) is hermitian
but not symmetric. To construct a matrix that is normal but not hermitian or
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real symmetric, try to find an example with real numbers. If A = <i 2) ,

then

2 2 2 2
r _ [a®+b° ac+bd A (0" +c® ab+cd
AA (ac+bd cyar) W AA={ G )

so we need to have b? = ¢?. One such matrix is A = 1 7} . To construct
a singular matrix that is RPN but not normal, try again to find an example with
real numbers. For any orthogonal matrix P and nonsingular matrix C, the

matrix A=P (C 0

0 O) P7T is RPN. To prevent A from being normal, simply

1 2

3 4) and P =1

(a) A*A =AA* = (A-XND)"(A-)A)=(A-))(A-)) =
(A—=AI) isnormal = (A —M) isRPN = R(A—-AI) L N(A-AI).
(b) Suppose x € N(A—-A) and y € N (A —pI), and use the fact that
N(A - M) =N (A - ))" to write

choose C to be nonnormal. For example, let C = (

(A-XN)x=0 = 0=x"(A-)) = 0=x"(A-A)y
=x"(py — Ay) =x"y(p—-N) = x"'y=0.

Solutionsfor exercisesin section 5. 12

5.12.1.

5.12.2,

Since CTC = <23 108) , 07 =100, and it’s clear that x = ey is a vector
such that (CTC —100I)x = 0 and ||x|2 = 1. Let y = Cx/o; = (:i?g)

Following the procedure in Example 5.6.3, set u, = x —e; and u, =y — ey,
and construct

T T
o ouwu, (01 Cr_ oWu,  [-3/5 —4/5
R, =1 2u$uz = (1 0) and Ry=1I 2uguy =\ —4s5 3/5 )

10 0O
0 5
value decomposition of C.
vi(A) = o? = ||A||§ needs no proof—it’s just a restatement of (5.12.4). The

fact that v2(A) = HA||2F amounts to observing that

Since R,CR, = ( ) = D, it follows that C = R,DR, is a singular

D? 0

HAH% = trace (ATA) = traceV ( 0 o

)VT:trace(Dz) =04 +ok
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5.12.3.

5.12.4.

5.12.5.

5.12.6.

Solutions

If o1y > .-+ > o0, are the nonzero singular values for A, then it follows from
Exercise 5.12.2 that [|A]2 =0? <02+ 03 +---+02 = |A|% < no? = n||A|3.
If rank (A +E) =k <r, then (5.12.10) implies that

Ell,=[[A—(A+E),> min [|A-B|,= >0,
B, = 1A~ (A+B)l,> min_ |A-Bl,=0w >0

which is impossible. Hence rank (A + E) > r = rank (A).
The argument is almost identical to that given for the nonsingular case except
that AT replaces A~!. Start with SVDs

— D 0 T "'_ D_1 0 T
A_U<0 O)V and A—V( 0 0>U,

where D = diag (01, 02,...,0,), and note that |ATAx||, <[ATA], [x], =1
with equality holding when ATA =T (i.e., when r = n). For each y € A(Ss)
there is an x € Sy such that y = Ax, so, with w = UTy,

2 _ 2 _ 2

1> [ATAx]] = [ATy[} = [VD Uy - [Ty
B ,w2 ,w2 z
~ Dl = e e

with equality holding when 7 = n. In other words, the set UTA(S) is an
ellipsoid (degenerate if r < n) whose k' semiaxis has length o4. To resolve
the inequality with what it means for points to be on an ellipsoid, realize that the
surface of a degenerate ellipsoid (one having some semiaxes with zero length) is
actually the set of all points in and on a smaller dimension ellipsoid. For example,
visualize an ellipsoid in ®3, and consider what happens as one of its semiaxes
shrinks to zero. The skin of the three-dimensional ellipsoid degenerates to a solid
planar ellipse. In other words, all points on a degenerate ellipsoid with semiaxes
of length o1 # 0, 03 # 0, 03 = 0 are actually points on and inside a planar
ellipse with semiaxes of length ¢; and oo. Arguing that the k" semiaxis of
A(Ss) is 0, Uy, = AV, is the same as the nonsingular case given in the text.
-1
IfA=U (]3 g) VT and A, =V (DO g) UT are SVDs in which
V = (V1 |V2), then the columns of V7 are an orthonormal basis for R (AT),
so x € R(AT) and |x|, =1 if and only if x = Vyy with |y, = 1. Since
the 2-norm is unitarily invariant (Exercise 5.6.9),

1 1
oy = .
TlAT]

min [|Ax|, = min |[|AVyy|l, = min ||Dyl|,=-—=—— =
il =1 H H2 ”yH2:1 ” ||2 H}’H2:1 || ||2 ||D71||2
xer(AT)
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5.12.7.

5.12.8.

5.12.9.
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x = A'b and x = Af(b —e) are the respective solutions of minimal 2-norm of

Ax =Db and Ax =b = b —e. The development of the more general bound is
the same as for (5.12.8).

Ix — x| = [AT(b —b)|| < [|AT] b — D],
b=Ax = [b| <[Allx] = 1/lx[ <A/l

SO
l[x —x|| = AL lel
< (AT =bl| ) == =
[ ( ) bl bl
Similarly,
b b = [|AG —%)|| < [[A]l[Ix — ]|,
x=Ab = |x]|<[AT||b] = 1/|b] <[|AT]|/|x],
SO
b — bl iy IATIE [lx — x|
o < ([Allx —x]]) =K :
b x| [

Equality was attained in Example 5.12.1 by choosing b and e to point in
special directions. But for these choices, Ax =b and Ax = b=b—e cannot
be guaranteed to be consistent for all singular or rectangular matrices A, so
the answer to the second part is “no.” However, the argument of Example 5.12.1
proves equality for all A such that AAT =1 (i.e., when rank (A, x,) =m).

2
Tt AU(](:)) g>VT is an SVD, then ATA+eIU<D 0“1 ?I>VT is

an SVD with no zero singular values, so it’s nonsingular. Furthermore,

2 -1 -1
(ATA+eI)‘1AT:U((D +SI> D 8)VT—>U<DO g)vT:AT.

Since A-l — (—266000 667000

333000 —835000
Similar to the 2-norm situation discussed in Example 5.12.1, the worst case is
realized when b is in the direction of a maximal vector in A(S.,) while e is
in the direction of a minimal vector in A (S ). Sketch A(Ss) as shown below

to see that v = (1.502 .599)7 is a maximal vector in A(Sx).

), Foo = ||All, [|ATY| = 1,754,336.



100

5.12.10.

Solutions
A
/—\ (1502, 599)
1,1 e
(.168, .067)

(-.168, -.067)
(1,-1) -1

(-1.502, -.599)

It’s not clear which vector is minimal—don’t assume (.168 .067)" is. A min-
imal vector y in A(Sy) satisfies |yl = minjy_=1[[Ax[, =1/ ||A_1||oo
(see (5.2.6) on p. 280), so, for y = Axg with [|x¢[|,, =1,

la (20)]| =Bl - At = e A
Yl /Moo I¥llae Iyl ]l =1 >

In other words, ¥ = y/|lyl|l., must be a vector in S, that receives maximal
stretch under A~'. You don’t have to look very hard to find such a vector
because its components are +1-—recall the proof of (5.2.15) on p. 283. Notice

that y = (1 -1 )T € S, and ¥ receives maximal stretch under A~! because
HA‘lyHOO = 1,168,000 = HA‘lHOO , so setting

1.502 N 1
b—aV—a<.599> and e—ﬁ}’—ﬂ(_1>

produces equality in (5.12.8), regardless of o and 3. You may wish to compu-
tationally verify that this is indeed the case.

(a) Consider A = (; _(1)> or A= (8 66 ) for small € # 0.

(b) For a >1, consider

1 —a 0 0 1 « an—2 qn-1l

0 1 —«a 0 0 1 an=3 on?
A= 0o and A7l =| 1

0 0 -+ 1 —a 0 0 1 a

0 0 -+ 0 1/, 0 0 1

Regardless of which norm is used, [|A]| > a and ||[A7!]| > o™, so k> a”
exhibits exponential growth. Even for moderate values of n and o« > 1, k can
be quite large.
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5.12.12.

5.12.13.

5.12.14.
5.12.15.
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For B = A™'E, write (A — E) = A(I — B), and use the Neumann series
expansion to obtain

X =(A-E)"'b=(I-B)'A~'b = (I+B+B*+ - )x = x+B(I+B+B?+-- )x.
Therefore, [x — || < Bl 3252 [BI" Il < [|A~* [ 1B] x|l 252, ™, so

Ix—x| _
x|

Begin with

Bl 1« B
AlT=a = T-alAl

<[~ Bl T = Al A~

x—%x=x—-(I-B)'A7'(b-e)=(I-1I-B) " )x+(I-B)'A~!
Use the triangle inequality with b = Ax = 1/ ||x|| < ||A|| /|/b| to obtain

[Ix — ]|

<|li—@-B) |+ [a-B) ) wlel

x| (bl

Write (I-B)~! =372 B?, and use the identity I-(I-B)™' = -B(I-B)~!
to produce

H H Z” H |BH an H (I- H— 1_ ||B||

Now combine everything above with [|B| < ||A~ 1“ IE| =« |E|/|A]-
Even though the URV factors are not unique, AT is, so in each case you should
arrive at the same matrix

-4 2 —4
1 [ -18 —-18 9

T T - &
A'=VRU - 81 —4 2 —4
-9 1 =2

By (5.12.17), the minimum norm solution is ATb = (1/9)(10 9 10 5)"

U is a unitary matrix in which the columns of U; are an orthonormal basis for
R (A) and the columns of Uy are an orthonormal basis for N (AT)7 so setting
X =U;, Y=U, and [X|Y]"' = UT in (5.9.12) produces P = U, U7,

Furthermore,

C o T clto T I 0 T T
T viv — —

According to (5.9.9), the projector onto N (AT) along R(A) is I-P =1-—
U, U7 =0,U7 =1- AAT.
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5.12.16.

5.12.17.

Solutions

(a) When A is nonsingular, U=V =1 and R=A, so AT = A~1.

C o o
0 O),ltlsclear

that (RT)" =R, and hence (AT)" = (VRIUT)! = UR') ' VT = URVT =
A.

(c) For R as above, it is easy to see that (RT) T = (RT) "' S0 an argument
similar to that used in part (b) leads to (AT) T = (AT) r

(d) When rank (A,xn) =n, an SVD must have the form

(b) If A =URVT is as given in (5.12.16), where R = (

Dn><n

Omf’ﬂXTL

A=U,xm ( ) Lxn, so Af=I(D' 0)U7.
Furthermore, ATA = D2, and (ATA)"'AT = I(D™! 0)UT = Af. The
other part is similar.

T —1
0wy (§ (S (G 3o

The other part is similar.
(f) Use an SVD to write

T -2 1
v (3 oo (5 Sur-v(y ur-n

The other part is similar.

(g) The URV factorization insures that rank (AT) = rank (A) = rank (AT),
and part (f) implies R(AT) C R(AT), SO R(AT) = R(AT). Argue that
R (AT) =R (ATA) by using Exercise 5.12.15. The other parts are similar.

(h) If A =URVT isa URV factorization for A, then (PU)R(QTV)T is a
URV factorization for B = PAQ. So, by (5.12.16), we have

t_ AT cto TpT _ AT ATPT
B =Q"V (", ,)UTPT=Q AP,

Almost any two singular or rectangular matrices can be used to build a coun-
terexample to show that (AB)Jr is not always the same as BTAT.

(i) If A=URVT, then (ATA)" = (VRTUTURV)' = VI(RTR)'VT. Sim-
ilarly, AT(AT)! = VRIUTURT VT = VRIRT'VT = VI(RTR)!V7. The
other part is argued in the same way.

If A is RPN, then index(A) = 1, and the URV decomposition (5.11.15) is a
similarity transformation of the kind (5.10.5). That is, N =0 and Q = U, so
AP as defined in (5.10.6) is the same as AT as defined by (5.12.16). Conversely,
if AT = AP, then

AAP =APA = ATA=AA"T = R(A)=R(A").
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5.12.18. (a) Recall that ||B||2F = trace (BTB), and use the fact that R(X) L R(Y)
implies X7Y =0=Y7X to write

IX + Y| = trace ((X +Y)T(x +Y))
= trace (X" X +X"Y +Y'X +Y'Y)
= trace (X"X) + trace (Y'Y) = HXH?, + HYH; .

. (20 _ (0 0
(b) Consider X_<O 0) and Y—<O 3).

(c) Use the result of part (a) to write
IT— AX|Z = [[T— AAT + AAT — AX][,
= [T - AAT[[; + | AAT - AX];
> - AnTE.

with equality holding if and only if AX = AAf—i.e.,ifand only if X = AT +7Z,
where R(Z) C N (A) L R(AT) = R(AT). Moreover, for any such X,

XI5 = | AT+ 2|y = | AT|[; + 1215 > AT];
with equality holding if and only if Z = 0.

Solutionsfor exercisesin section 5. 13

5.13.1. Py =uu’/(u"u) = (1/10) (2 ?>7 and Py =1— Py = (1/10) (_il,) *3),

so Pyb = <(25>’ and Py..b= (_§>

5.13.2. (a) Use any of the techniques described in Example 5.13.3 to obtain the fol-

lowing.
S5 0 .5 8 -4 0
Pray=|0 1 0 Pyay=|-4 20
S5 0 .5 0 0 0
2 40 D 0 =5
0 0 1 -5 0 .

(b) The point in N (A)" that is closest to b is

Pyayib=Pgarb= |12
1
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5.13.3.

5.13.4.
5.13.5.

5.13.6.

5.13.7.

5.13.8.

Solutions

If x € R(P), then Px = x—recall (5.9.10)—so ||[Px||, = ||x|,. Conversely,
suppose [|[Px|[, = [|x|,, and let x =m+n, where m € R(P) and ne N (P)
so that m | n. The Pythagorean theorem (Exercise 5.4.14) guarantees that
x|l = [m+n|; = |m|; + |n|;. But we also have

2 2 2 2 2
]Iy = Px[[; = [[P(m +n)[; = [[Pm|); = [m];.

Therefore, n = 0, and thus x =m € R (P).
(ATPRa))’ = PE(A)A =Ppra)A =A.

Equation (5.13.4) says that Py = UUT =37 u;u;”, where U contains the
u; ’s as columns.

The Householder (or Givens) reduction technique can be employed as described
in Example 5.11.2 on p. 407 to compute orthogonal matrices U = (U1 |U2)
and V = (V1 |V2)7 which are factors in a URV factorization of A. Equation
(5.13.12) insures that

Pra) = U U7, Pyary =Ppay =1-U U = U, U7,
PR(AT) :V1V{, PN(A) :PR(AT)L :I—V1Vip =V2V2T

(a) The only nonsingular orthogonal projector (i.e., the only nonsingular sym-
metric idempotent matrix) is the identity matrix. Consequently, for all other or-
thogonal projectors P, we must have rank (P) =0 or rank(P)=1, so P =0
or, by Example 5.13.1, P = (uu’)/u”u. In other words, the 2 x 2 orthogonal
projectors are P =1, P =0, and, for a nonzero vector u’ = (a 3),

P_uuT_ 1 o? af
T uTu a2+ p32\ap B

(b) P =1, P =0, and, for nonzero vectors u,v € R2*! P = (uv’)/u’lv.

If either u or v is the zero vector, then L is a one-dimensional subspace, and
the solution is given in Example 5.13.1. Suppose that neither u nor v is the
zero vector, and let p be the orthogonal projection of b onto L. Since L is the
translate of the subspace span {u — v}, subtracting u from everything moves
the situation back to the origin—the following picture illustrates this in R2.
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5.13.10.

5.13.11.

5.13.12.
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“b-u

N
p—u’

In other words, £ is translated back down to span{u—v}, b — b —u, and
P — p — u, so that p — u must be the orthogonal projection of b —u onto
span{u —v}. Example 5.13.1 says that

p—u= Pspan{u—v}<b - ll) = %(b - u)7

and thus

(u=v)"(b—u)
(V)T (u—v)
|A% = blly, = [[Pra)b = b|[, = [|(I = Prea))b||, = [Pxcarb|,
Use (5.13.17) with Pra) = PE(A) = P%(A), to write

p=u+ (u—v).

lell3 = (b — Preayb)” (b — Preab)
=b"b —b"PL4\b — b Pra)b + b PL s Pra)b
2
=b"b — b Pra)b = |b|; — |[Preab], -

According to (5.13.13) we must show that >._ (u;7x)u; = Pyx. It follows
from (5.13.4) that if U, is the matrix containing the vectors in B as columus,
then

T

Py = UUT = Z uiuiT = Pux= ZuiuiTx = Z(uiTx)ui.
i=1

i=1 i=1
Yes, the given spanning set {uj, ug, us} is an orthonormal basis for M, so, by
Exercise 5.13.11,

3
PMb = Z(uin)ul- =u; + 3112 + 7113 =

i=1

L Ut O Ut
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5.13.13.

5.13.14.

5.13.15.

Solutions

(a) Combine the fact that PyPa = 0 if and only if R (Pxr) C N (Paq) with
the facts R(Py) =N and N (Ppr) = ML to write

PuPy=0<=NCM' <= N 1 M.
(b)  Yes—this is a direct consequence of part (a). Alternately, you could say
0=PyPy < 0= (PyuPyx) =P PL =PyPor.

(a) Use Exercise 4.2.9 along with (4.5.5) to write

T
|V
RPm)+RPxn)=RPum | Py)=R|(Pm|Py) <P—>
N
- R(PMPMT+PNPNT> = R(P%+P%)
= R(Pap + Py).

(b) PyPy=0+= R(PN)C NPy <= NCM = MLN.

(¢) Exercise 5.9.17 says P+ Py is idempotent if and only if PyPy =0 =
PAyPo. Because Ppy and P are symmetric, PoPa = 0 if and only if
PumPy = PyPag = 0 (via the reverse order law for transposition). The fact
that R(Pap + Py) = R(Pam) @ R(Py) = M@®N was established in Exercise
5.9.17, and M L N follows from part (b).

First notice that P a¢+Par is symmetric, so (5.13.12) and the result of Exercise
5.13.14, part (a), can be combined to conclude that

Pm+PA)Pum+PN) =Py +Pa) (Pr+Pr) =Prp,ipy) = Prin.
Now, M C M + N implies PrinPrr = Pag, and the reverse order law for

transposition yields PP aen = Pag so that Py nvPar = PAPaygn. In
other words, (P + Par)(Pa+Pu) Puy=Pa(Pat +Pa) (Pag+Pu), or

PMr(Pam +Pun) ' Par+ Py (P + Po) P oy
=Py (P +Pa) Py +Py(Py+Pu) Py

Subtracting Pa(Paq + PN)TPM from both sides of this equation produces
Pr(Pat+Pu) Py =Pu (P + Py) Py
Let Z = 2P (P +Pn) Py = 2Pn (P +Par) TP A4, and notice that R (Z) C

R(Py) =M and R(Z) C R(Py) =N implies R(Z) C MNN. Furthermore,
PuPumon = Punnw = PhPunw, and PagnPainn = Punnr, so, by the
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5.13.17.
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reverse order law for transposition, PanvPam = Pyrnv = ParnvPa and
P pinnP pmsn = Pann. Consequently,

Z =PrnZ =Pran [Pru(Pr+Pra) Py +Pu(Pu+Pu) P
=Prn (P +PaA) (P + Pu) = PrianParin = Paian

(a) Use the fact that AT = ATPga) = ATAAT (see Exercise 5.13.4) to write

/ T ATAIAT g / T ATAIATA ATt — ( / - e‘ATAtATAdt> At
0 0 0
o0
- [— e-ATAt}O At =[0— (-D)]AT = A,

ecall from Example 5.10.5 that = = , and write
b) Recall f E le 5.10.5 that A* = A**1TAD = AFAAP d wri

/ N / T AN AR A AD gy — ( / - e—A"'“tAk“Adt) AP
0 0 0
— |:_ e—Ak‘+1tj|0 AD — [O _ (_I)]AD — AD

(¢) This is just a special case of the formula in part (b) with & = 0. However,
it is easy to derive the formula directly by writing

/ e—Afdtz/ e—AtAA—ldtz(/ e—AfAdt)A—l
0 0 0

— o] "A =0~ (-pjaT - A7

(a) The points in H are just solutions to a linear system u’x = 3. Using the
fact that the general solution of any linear system is a particular solution plus
the general solution of the associated homogeneous equation produces

M= DL N = D R = D

where u' denotes the orthogonal complement of the one-dimensional space
spanned by the vector u. Thus H = v+M, where v = fu/u’u and M = u'.
The fact that dim (ut) =n —1 follows directly from (5.11.3).

(b) Use (5.13.14) with part (a) and the fact that P,1 = I — uu? /ulu to write

pzﬁ_u+(1_uTllT> (b_ ﬁu>: fu +b_uuTb:b_<uTb—B)u.
u'u

ulu ulu ulu ulu
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5.13.18.

5.13.19.

5.13.20.

Solutions

(a) uTw #0 implies M NW =0 so that
dim(M+W)=dim M+dimW=(n—-1)+1=n.

Therefore, M+W = R". This together with MNW = 0 means R"” = MOW.
(b) Write
u’b u’b u’b

W+ —W=p+ —W
ulw ulw ulw "’

b=b—-

and observe that p € M (because u’p = 0) and (u’b/u’w)w € W. By
definition, p is the projection of b onto M along W.

(¢) We know from Exercise 5.13.17, part (a), that H = v + M, where v =
pu/u’u and M = ut, so subtracting v = fu/u’u from everything in H
as well as from b translates the situation back to the origin. Sketch a picture
similar to that of Figure 5.13.5 to see that this moves H back to M, it translates
b to b—v, and it translates p to p—v. Now, p—v should be the projection
of b—v onto M along W, so by the result of part (b),

T T(h _ Ty
poveb v TV oy eV (WP
ul'w ulw ul'w

For convenience, set 0 = A;«Prnti—1 — b so that Prpti = Prnti—1 — ﬁ(Ai*)T.
Use the fact that

A (pkn+i—1 - X) = AisPinti-1 —b; =0

together with [|A|, =1 to write

2 T 2
1Prn+i — X[|5 = ||Prnti—1 — B(A4)” — X )

T 2
= H(Pkn+i—1 —x) — B(Aix) H2
= (pkn+i—1 - X)T (pk:n-i—i—l - X)
- 26A1* (pkn—i—i—l - X) + ﬁQAi* (Ai*)T

2
= |Prnti-1 — x5 — 5°

Consequently, |Prn+i — X[y < ||Prnti—1 — X||y, with equality holding if and
only if g =0 or, equivalently, if and only if pgp4i—1 € Hi—1 NH;. Therefore,
the sequence of norms ||pgn+i — X||, is monotonically decreasing, and hence it
must have a limiting value. This implies that the sequence of the (’s defined
above must approach 0, and thus the sequence of the pgn4;’s converges to x.

Refer to Figure 5.13.8, and notice that the line passing from p(ll) to pgl) is

parallel to V = span (pgl) — pgl)) , SO projecting pgl) through p(21) onto Ha
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109

is exactly the same as projecting pgl) onto Hs along (i.e., parallel to) V.

According to part (c) of Exercise 5.13.18, this projection is given by

Ao (P — b1AZ,
Péz) = pgl) - A22*<E)Ii:(tl) B ;51?)) (Pgl) - Pél))

60702

(Aert” 1)
A2* <p§1) - pél)

1
i

All other projections are similarly derived. It is now straightforward to verify
that the points created by the algorithm are exactly the same points described
in Steps 1,2,...,n—1.

Note: The condition that {(pgl) — pél)) , (pgl) — pél)) e (p(ll) — pg,,l)>}
is independent insures that {(pg) — péz)) , (pgz) — pf)) e (pgz) — p,@)}

is also independent. The same holds at each subsequent step. Furthermore,
Ao, (pgl) —pg)) # 0 for k > 1 implies that V, = span (pgl) —p,(cl)> is
not parallel to Hs, so all projections onto Ho along Vj, are well defined. It can
be argued that the analogous situation holds at each step of the process—i.e.,

the initial conditions insure A; . (p(i) — p,@) #£0 for k> i.

3

Equation (5.13.13) says that the orthogonal distance between x and M* is
dist (x, M) = [|jx = P prpaxly = [|(T = Prge)x]ly = [[Paex]]y -
Similarly,

dist (Rx, M) = [P yRx]|, = | -Prx], = [Paex], .

(a) We know from Exercise 5.13.17 that H = v + u', where v = fu, so
subtracting v from everything in H as well as from b translates the situation
back to the origin. As depicted in the diagram below, this moves H down to

u', and it translates b to b—v and r to r — v.
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Now, we know from (5.6.8) that the reflection of b — v about ut is
r—-v=R(b-v)=-2uu’)(b-v)=b+ (8—2u’b)u,
and therefore the reflection of b about H is
r=R(b-v)+v=b-2u’b-pu
(b) From part (a), the reflection of ro about H; is

ri =19 — 2(Auro — b)) (Ai)",

and therefore the mean value of all of the reflections {ry,rs,...,r,} is
m = lir = li(r — 2(Ajuro — b;) (A4 )T)
n < 7 n o 0 %10 % e
2 n

=Trg— E Z(Ai*ro — bi)(AM)T

i=1

2 2
=TIo— —AT (AI‘O — b) =TXo— —AT€.
n n

Note: If weights w; > 0 such that Y w; =1 are used, then the weighted mean

1S
m = Zwiri = Zwl (I‘O — 2(Ai*r0 — bz) (AZ*)T>
i=1

=1

=710 — 2Zwi(Ai*r0 —bi)(An)"
i=1

2 2
=ry— EATW (Arg—b) =1y — EATW&
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where W = diag {wy,wa, ..., wy}.
(¢c) First observe that

2
X—mMp =X—mMp_1+ —ATE]C,1
n

2
X —mg_1+ EAT(AHI;C,1 — b)

2
x—my_ 1 + AT (Am;_; — Ax)
n

2
=X—myg_1+ EATA(mk—l — X)

2

(I — —ATA> (x —my_1),
n

and then use successive substitution to conclude that

9 k
X —my = (I——ATA) (x —my).
n

Solutionsfor exercisesin section 5. 14

5.14.1. Use (5.14.5) to observe that

2 Xv* 2 if ¢ = .a
Elyiy;] = Cov[ys, ys] + pry, tty; = { ((TX:ﬁ(')(Xi)ﬁ) 1f§ ” ‘;,

so that

Elyy"] = 0’1+ (XB)(XB)" = 0’1+ XBB" XT.
Write 6 =y — X3 = (I—- XXMy, and use the fact that I— XX is idempotent
to obtain

eTe = yT(1- XXMy = trace (1- XXT)ny) .

Now use the linearity of trace and expectation together with the result of Exercise
5.9.13 and the fact that (I — XX")X =0 to write

E[e"é] = E [trace (I — XXT) ny)] = trace (E[(I - XXT)yy™])
= trace (1 — XX Elyy?]) = trace ( (I— XX")(02I + XﬁﬂTXT))
= o’trace (I - XX') = 0? (m — trace (XX1))
=o” (m — rank (XXT)) o%(m —n).
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Solutions

Solutionsfor exercisesin section 5. 15

5.15.1.

5.15.2.

5.15.3.

5.15.4.

5.15.5.

5.15.6.

(a) emq‘,n = 0, and Gmm =0= QS = 77/4

(b) emin - 9 == (,b - 77/4, and Hmm =1.

(a) The first principal angle is 6; = 6,,,, = 0, and we can take u; = v; = e;.
This means that

My =ui "M =span{e;} and Ny =viNN =span{(0,1,1)}.

The second principal angle is the minimal angle between My and A5, and this

is just the angle between ey and (0, 1, 1), so 0y = /4.

(b) This time the first principal angle is 6; = 6,,,, = 7/4, and we can take

u; =e; and vy = (0, 1/v/2, 1/v/2). There are no more principal angles because

No = Vf‘ NN =0.

(a) This follows from (5.15.16) because Py = P if and only if M =N

(b) If 0 #x € MNN, then (5.15.1) evaluates to 1 with the maximum being

attained at u=v = x/ x|, . Conversely, cosf,,, =1 = vl u=1 for some

ueM and v €N such that |uf, =1=|v|,. But viu=1=|ul,|v],

represents equality in the CBS inequality (5.1.3), and we know this occurs if and

only if v=ou for a = viu/u*u=1/1=1. Thus u=ve MNN.

() max yem,ven Viu=0<+=viu=0VueM,veV+= M LN.
ull,=[lv]l,=1

You can use either (5.15.3) or (5.15.4) to arrive at the result. The latter is used

by observing

[P = Pa) ], = [[(@=Pa) — =)
|Px =Pr) [, = [|(Pac = Pr) ],

MeN+t=R" = dimM=dmN = sinb,.. =6M,N)=35N,M),
s0 €080, = [PmPrilly =PI —Pp)|y = (M, N) =sind,,..

It was argued in the proof of (5.15.4) that Py — Ps is nonsingular whenever
M and N are complementary, so we need only prove the converse. Suppose
dimM = r > 0 and dimN = k > 0 (the problem is trivial if » = 0 or
k=0)sothat UTVy is rxn—k and ULV, is n—7 x k. If Py — Py is
nonsingular, then (5.15.7) insures that the rows as well as the columns in each of
these products must be linearly independent. That is, UTV; and U2V, must
both be square and nonsingular, so r + k = n. Combine this with the formula
for the rank of a product (4.5.1) to conclude

k = rank (U] V3) = rank (U3) —dim N (U]) N R (V2)
=p—r—dmMNN =k—dimMnNN.

It follows that M NN =0, and hence M @ N = R".
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5.15.7.

5.15.8.

5.15.9.

5.15.10.

113

(a) This can be derived from (5.15.7), or it can be verified by direct multipli-
cation by using Pyy(I-P)=1-P — P —-PyP=1-P, to write

(Pm—Pn)(P—-Q)=PuP-PrQ—-PyP+PyQ
=P-0-PyP+PyQ=1I-Py+PyxQ
=I-PyI-Q) =1

(b) and (c) follow from (a) in conjunction with (5.15.3) and (5.15.4).

Since we are maximizing over a larger set, maxy—=1 f(x) < max)x<1 f(x). A
strict inequality here implies the existence of a nonzero vector xy such that
Ixol| <1 and f(x) < f(xg) for all vectors such that ||x|| = 1. But then

f(x0) > f(xo/ |Ixoll) = f(x0)/ Ixoll == II%o0ll f(x0) > f(x0),

which is impossible because ||x¢| < 1.

(a) We know from equation (5.15.6) that Py = U (C 0

T . .
0 O>V in which

C is nonsingular and C~! = VI'U;. Consequently,

cto -
PTMNZV( ) O)UT:V1C 'l =v,viu,ul =P Pu.

(b) Use the fact
IOTVY)~H, = [(VIU) T, = O (ViU =V,

= l[ovivio oD, = i@ -Popad '],
(and similarly for the other term) to show that

|[a=Pypu]| = 0TV, = |Pua-Pw)]|

)

and
= pread|, = WEva ), = [lPaa-pa] |

It was established in the proof of (5.15.4) that [|(UTV1)7||, = ||(U3Va)7!,,
so combining this with the result of part (a) and (5.15.3) produces the desired
conclusion.

(a) We know from (5.15.2) that cos0,., = [PyrPumlly = [|[T—Pa)Pully,

and we know from Exercise 5.15.9 that Py = [(I — PN)PM] T, so taking the
pseudoinverse of both sides of this yields the desired result.
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(b) Use (5.15.3) together with part (a), (5.13.10), and (5.13.12) to write

cosb,....

_ i -
1= [Pae®lur], < [Pl [Phov], = 52

5.15.11. (a) Use the facts that |All, = ATz and (AT)™' = (A1) to write

1 1

_ . vIU 2
||(U%“V2)71H§ H(VTU2 1“ Hfﬂlm H 2 2X||2

= min x UTV2V2 Usx

lIx|l;=1

= HHHHH1XTUT(I ~ Vi VHUyx = HrrHun1 (1 - HV{ngH;)
X 2= —

1—|[Ulv, 2

=1— max HVTU2XH2 =1- HVlTUg H2

Hz =
Ix[ly=

(b) Use a similar technique to write

[UTVaf; = [[UT VL VE ]} = [[uTa - viv])|;
— |[@= V. VDU, = Hrr‘llaxleUQT(I — Vi V) Usx
x|[,=
=1— min HV U XH 7;
Ixllp=1 1t 22 |(VIU)—;

1
UV
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Solutionsfor exercisesin section 6. 1

6.1.1.

6.1.2.

6.1.3.
6.1.4.
6.1.5.

6.1.6.

6.1.7.

6.1.8.

6.1.9.

(a) -1 (b) 8 (c) —aBy
(d) airaass + a12a23a31 + a13a21a32 — (11023032 + A12a21a33 + A13022a31)
(This is where the “diagonal rule” you learned in high school comes from.)

If A= [x;|x2|x3], then V3 = [det (ATA)]I/2 = 20 (recall Example 6.1.4).
But you could also realize that the x;’s are mutually orthogonal to conclude
that Vi = [|lx1 |, [[x2[[; [[xs]l, = 20.

(a) 10 (b) 0 (c) 120 (d) 39 (e) 1 (f) (-1
rank (A) =2

A square system has a unique solution if and only if its coefficient matrix is
nonsingular—recall the discussion in §2.5. Consequently, (6.1.13) guarantees that
a square system has a unique solution if and only if the determinant of the
coefficient matrix is nonzero. Since

1 « 0
0 1 —-1|=1-0a?
a 0 1

it follows that there is a unique solution if and only if « # +1.
I=A'A = det(I)=det (A"'A) =det (A"")det (A)

= 1=det (A7')det(A) = det(A™') =1/det(A).
Use the product rule (6.1.15) to write
det (P7'AP) = det (P~")det (A)det (P) = det (P~ ")det (P)det (A)
= det (P7'P)det (A) = det (I)det (A) = det (A).

Use (6.1.4) together with the fact that z123 = 2122 and 21 + 22 = z1 + 22 for
all complex numbers to write

det (A*) = det (AT) = det (A) = Z o(p)aip, - Cnp,

= Z U(p)alpl © o Qnp, = Z J(p)alpl © o App, = det (A)
p

p

(1) T=QQ — 1=det(Q'Q) = det(Q")det(Q) = [det(Q)]> by
Exercise 6.1.8.
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6.1.10.

6.1.11.
6.1.12.

6.1.13.

6.1.14.

Solutions

(b) If A=UDV* is an SVD, then, by part (a),

|det (A)] = |det (UDV™)| = |det (U)] |det (D)] |det (V™)
=det (D) = 0109 0y.

Let r = rank (A), and let o4 > -+ > 0, be the nonzero singular values of A.

If A=U,xm (DBXT g) (V*)pxn is an SVD, then, by Exercises 6.1.9 and
mXn

6.1.8, det (V)det (V*) = |det (V)|*> =1, so

(D*D),x, O

0 det (V*)

nxXn
=0 whenr <n,
>0 when r=n.

det (A*A) = det (VD*DV*) = det (V) ‘

=0%0%---020---0, and this is {

n—r

Note: You can’t say det (A*A) = det (A)det (A) = |det (A)]?> > 0 because A
need not be square.

aA = (o)A = det(aA) = det (al)det (A) = a"det (A).

A = -AT = det(A) = det (—AT) = det (—A) = (-1)"det (A) (by
Exercise 6.1.11) = det (A) = —det (A) when n isodd = det(A)=0.
If A =LU, where L is lower triangular and U is upper triangular where each
has 1’s on its diagonal and random integers in the remaining nonzero positions,
then det (A) = det (L)det (U) =1 x 1 = 1, and the entries of A are rather
random integers.

According to the definition,

det (A) = Z g(p)alpl e akpk e a’ﬂpn
P
= U(p)alpl-.-(xpk+ypk—|—-..+zpk)...anpn
= Z 0(p)a1p1 S Tpy c Gpp, T+ Z U(p)alpl “Ypy T Anpy,
p P
+...+Za(p)a1pl e Zpy G,
Al* Al* Al*
=det | xT | +det| yT | +---+det| 2T
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6.1.15.

6.1.16.

6.1.17.

6.1.18.
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If A,x2=I[x|y], then the result of Exercise 6.1.10 implies
x*x x*y
y'x vy

2 (10112 * o\ Tor oy
=[xz [Iyll; = "y) (x*y)

2 2
=[xl Iy llz = [x"yI%,

0 < det (A*A) =

’ = (x"x) (y'y) — xy) (y*x)

with equality holding if and only if rank (A) < 2—i.e., if and only if y is a
scalar multiple of x.
Partition A as

_ _( Lk 0 U, U\ (LU, =
A_LU_<L21 L22)<0 U22>_< * *)
to deduce that Aj can be written in the form

L., O U,_
A, =L, Uy = ( dle 1) ( ]8 ! u;) and  Ap_1=L; U ;.

The product rule (6.1.15) shows that
det (Ak) = det (kal) X Uk = det (Akfl) X Uk,

and the desired conclusion follows.

According to (3.10.12), a matrix has an LU factorization if and only if each
leading principal submatrix is nonsingular. The leading k X k principal subma-
trix of ATA is given by P = A%Ak7 where Ap = [As1 | Aso| - |Aug]. If
A has full column rank, then any nonempty subset of columns is linearly in-
dependent, so rank (Ay) = k. Therefore, the results of Exercise 6.1.10 insure
that det (Pj) = det (A{Ay) > 0 for each k, and hence ATA has an LU
factorization. The fact that each pivot is positive follows from Exercise 6.1.16.
(a) To evaluate det (A), use Gaussian elimination as shown below.

2—x 3 4 1 -1 3—-=x
0 4—x =5 — 0 4—x =5
1 -1 3—-=z 2—x 3 4
1 -1 33—z 1 -1 3—x
— |0 4—2x ) — |10 4—=x , 2—5 =U.
x°—9x +17x+17
0 5—2 —x°+5x—2 0 0 %

Since one interchange was used, det (A) is (—1) times the product of the diag-
onal entries of U, so

o dfdet(a)) )
det (A) = —2° + 92 — 17z — 17 and = 3z + 18z — 17.
x



118

6.1.19.
6.1.20.

6.1.21.

Solutions

(b) Using formula (6.1.19) produces

afdet(a)) [-1 0 0| |2-2 3 4 [ |2-2 3 4
———F =l 04—z 5|+ 0 -1 0 |+ 0 d-z =5
v 1 -1 3-= 1 -1 3-= 0 0 -1

= (—2® 4+ T2 —7) + (—2® + 52 — 2) + (—2% + 62 — 8)
= —32% + 18z — 17.
No—almost any 2 x 2 example will show that this cannot hold in general.

It was argued in Example 4.3.6 that if there is at least one value of z for which
the Wronski matrix

fi(@) fol@) o fal@)
fi(@) B - fa@)

W@ =1 S
V@) @) e V(@)

is nonsingular, then § is a linearly independent set. This is equivalent to saying
that if S is a linearly dependent set, then the Wronski matrix W (z) is singular
for all values of z. But (6.1.14) insures that a matrix is singular if and only
if its determinant is zero, so, if & is linearly dependent, then the Wronskian
w(z) must vanish for every value of x. The converse of this statement is false
(Exercise 4.3.14).

(a) (nhH(n—1) (b) 11x11 (c) About 9.24x10'% sec ~ 3x 1046
years (d) About 3 x 10'°° mult/sec. (Now this would truly be a “super
computer.”)

Solutions for exercisesin section 6. 2

6.2.1.

6.2.2.

6.2.3.

(a) 8 (b) 39 (c) -3

. 0 1 -1
(a) A*lzzdj(‘:):é 8 4 4
et (A) 16 -6 —2
12 25 14 7
L adi(A) 1 -9 9 9 15
by Al=2 S
() det(A) 39 -6 6 6 -3
9 4 4 -2
(a) 21=1-06, zao=a+p-1, a23=1—0



Solutions

6.2.4.
6.2.5.

6.2.6.

6.2.7.
6.2.8.

6.2.9.

6.2.10.

6.2.11.
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(b)

Cramer’s rule yields

1t ¢
2 3 tt 2 1 ¢
t 0 He ¢ Tl
ajg(t): =
1t t2 1t 2t o|t? 1
21t t2 1'_t t 1’+t t 2
t 21
t3—t6 —t3
T B-HB -1 B-1)
and hence 1
Jm wa(t) = i 7 = L
Yes.

(a) Almost any two matrices will do the job. One example is A = I and
B=-1

(b) Again, almost anything you write down will serve the purpose. One example
is A:DZOQXQ,B:C:IQXQ.

Recall from Example 5.13.3 that Q =1 — BB"B~'B”. According to (6.2.1),

T T
det (ATA) = det <]2T]]33 ?T(‘;) — det (B"B) (c"Qc) .

Since det (BTB) >0 (by Exercise 6.1.10), ¢’ Qc = det (AT A)/det (B'B).

Expand ’ ST _IC ‘ both of the ways indicated in (6.2.1).
k
The result follows from Example 6.2.8, which says Aladj(A)] = det (A)I, to-

gether with the fact that A is singular if and only if det (A) =0.

The solution is x = A~'b, and Example 6.2.7 says that the entries in A~! are
continuous functions of the entries in A. Since z; = >, [A™];xby, and since
the sum of continuous functions is again continuous, it follows that each z; is a
continuous function of the a;; ’s.

If B = aA, then Exercise 6.1.11 implies B,; = a" 'A;;, so B =a" A, and
hence adj(B) =" 'adj(A).

(a) We saw in §6.1 that rank (A) is the order of the largest nonzero minor of
A. If rank (A) < n —1, then every minor of order n — 1 (as well as det (A)

itself) must be zero. Consequently, A =0, and thus adj(A) = AT —o.

(b) at least one minor of order n — 1 is nonzero
— someA;; 0 = adj(A)#0

= rank (adj(A)) > 1.

rank(A)=n—1 =
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6.2.12.

6.2.13.

6.2.14.

Solutions

Also, rank(A)=n-1
Afadj(A)] =0 (by Exercise 6.2.8)
R (adj (A)) € N (A)

dim R (adj (A)) < dim N (A)

rank (adj (A)) <n —rank (A) = 1.

Ll

() rank(A)=n = det(A)#0 = adj(A)=det(A)A™?

= rank(adj(A)) =n
If det (A) = 0, then Exercise 6.2.11 insures that rank (adj(A)) < 1. Conse-
quently, det (adj(A)) = 0, and the result is trivially true because both sides
are zero. If det(A) # 0, apply the product rule (6.1.15) to Afadj(A)] =
det (A)I (from Example 6.2.8) to obtain det (A)det (adj(A)) = [det (A)]",
so that det (adj (A)) = [det (A)]"".
Expanding in terms of cofactors of the first row produces D,, = 24,1 — Ay, But
A1 = D,,_1 and expansion using the first column yields

-1 -1 0 0
0 2 -1 0

Ap=(-n} 0 -1 2 Ol = (=1)(-1) Dy,
0 0 o - 2

so D, =2D,_1 — D,_s. By recursion (or by direct substitution), it is easy to
see that the solution of this equation is D, =n + 1.
(a) Use the results of Example 6.2.1 with \; = 1/q;.

(b) Recognize that the matrix A is a rank-one updated matrix in the sense
that

1
A= (a— B3I+ PBee’, where e=|:
1
If o =f, then A is singular, so det (A) = 0. If a # (3, then (6.2.3) may be
applied to obtain

det (A) = det((a - 5)1) <1 + ge_T;> = (a—pB)" (1 + a"_ﬁﬁ) .

(c) Recognize that the matrix is I+ ed?, where

1 (65}

Qo
e=| . and d=

1 ay,
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6.2.15.

6.2.16.

6.2.17.

6.2.18.

6.2.19.

6.2.20.
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Apply (6.2.2) to produce the desired formula.
(a) Use the second formula in (6.2.1).

(b) Apply the first formula in (6.2.1) along with (6.2.7).

If A =0, then the result is trivially true because both sides are zero. If A # 0,

AL, AB
C I,

(a) Use the product rule (6.1.15) together with (6.2.2) to write

then expand both of the ways indicated in (6.2.1).

A+cd”"=A+Axd" = A (I+xd").
(b) Apply the same technique used in part (a) to obtain
At+cd”"=A+cy’A= (I+cy’)A.

For an elementary reflector R = I — 2uu’ /u”u, (6.2.2) insures det (R) = —1.
If A,x, is reduced to upper-triangular form (say PA = T) by Householder
reduction as explained on p. 341, then det (P)det (A) = det (T) = t11 -+ tun.
Since P is the product of elementary reflectors, det (A) = (=1)*t11---tan,
where k is the number of reflections used in the reduction process. In general,
one reflection is required to annihilate entries below a diagonal position, so, if
no reduction steps can be skipped, then det (A) = (—1)"" 11 tp,. If Py is
a plane rotation, then there is a permutation matrix (a product of interchange

matrices) B such that P;; = BT (? (I))B’ where Q = (_z 'Z) with

c® + s? = 1. Consequently, det (P;;) = det (BT) 0 1
because det (B)det (B”) = det (B)?> = 1 by (6.1.9). Since Givens reduction
produces PA = T, where P is a product of plane rotations and T is upper
triangular, the product rule (6.1.15) insures det (P) = 1, so det (A) = det (T) =
tll e t’rm-

If det(A) = +1, then (6.2.7) implies A~! = +adj(A), and thus A~! is
an integer matrix because the cofactors are integers. Conversely, if A~! is an
integer matrix, then det (A‘l) and det (A) are both integers. Since

Q O‘det(B):det(Q)zl

AAT' =1 = det(A)det (A7) =1,

it follows that det (A) = £1.

(a) Exercise 6.2.19 guarantees that A~! has integer entries if and only if
det (A) = +1, and (6.2.2) says that det(A) = 1 —2vTu, so A~! has inte-
ger entries if and only if v7u is either 0 or 1.

(b) According to (3.9.1),

2uvT

A71 = (I* 2uVT)_1 =1I- m,
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and thus A~!' = A when viu=1.

6.2.21. For n =2, two multiplications are required, and ¢(2) = 2. Assume c(k) mul-
tiplications are required to evaluate any k x k determinant by cofactors. For a
k +1 x k+ 1 matrix, the cofactor expansion in terms of the " row is

det (A) = ain Ay + -+ apAi + a1 Mgy

Each A;; requires c(k) multiplications, so the above expansion contains

(k+1) + (k+ (k) = (k+1) + (k + 1)k! (1+%+%+'“+(;€_11);>

vl (e i)
=c(k+1)

multiplications. Remember that e* = 1+x+22/2!+23/3!+- -, so for n = 100,

N 1 y
totgt g e b

and ¢(100) ~ 100!(e—1). Consequently, approximately 1.6 x 10152

5.1 x 10** years) are required.
6.2.22. A — AI is singular if and only if det (A — AI) = 0. The cofactor expansion in
terms of the first row yields

seconds (i.e.,

BoX 2 2 2
-3 —/\‘”"—2 “A| T

= -2 4+5)\% -8\ +4,

det (A — AI) = —\

so A — M is singular if and only if A* — 5A%2 + 8\ — 4 = 0. According to the
hint, the integer roots of p(\) = A3 —5\2+8\—4 are a subset of {+4, 42, +1}.
Evaluating p(\) at these points reveals that A = 2 is a root, and either ordinary
or synthetic division produces
A

PN y2 gy o (am9)a-1).

A—2
Therefore, p(A) = (A —2)2(A—1), so A=2 and A =1 are the roots of p()\),
and these are the values for which A — AI is singular.

6.2.23. The indicated substitutions produce the system

T 0 1 0 e 0 T
2 0 0 0 e 1 Tp_1
x, —Pn  —Pn—1 —Pn-2 - —D1 T,
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6.2.24.

6.2.25.
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Each of the n vectors w; = (fi(t) it - fi(”_l))T for i =1,2,...,n
satisfies this system, so (6.2.8) may be applied to produce the desired conclusion.
The result is clearly true for n = 2. Assume the formula holds for n = k — 1,
and prove that it must also hold for n = k. According to the cofactor expansion

in terms of the first row, deg p(A\) =k — 1, and it’s clear that
p(x2) = p(z3) = - = p(ax) =0,
SO To,X3,...,Tx are the k& — 1 roots of p(\). Consequently,
PV = a(A — 22) (A — 3) -+ (A — 2,

where « is the coefficient of A\*~!. But the coefficient of A\*~! is the cofactor
associated with the (1, k) -entry, so the induction hypothesis yields

1 xy a3 - x%fz
a |l @3 73 T3 k-1
a=(-1) =0 T Gy )
o J>i>2
Loag a2 g

Therefore,
det (Vi) =p(z1) = (21 — z2) (21 — 23) -+ - (1 — )

= (w1 —x) (w1 —w3) - (w1 — ) (D" ] (25 —w))

j>i>2

= (g — x1)(ws —21) - (wx — 1) ] (&5 — i)
j>i>2
= H(xj - xi)?

j>i

and the formula is proven. The determinant is nonzero if and only if the z;’s
are distinct numbers, and this agrees with the conclusion in Example 4.3.4.
According to (6.1.19),

d(det (A))

. = det (D) + det (D) + - - - + det (D,,),

where D; is the matrix

aix aiz -+ Qip
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Expanding det (D;) in terms of cofactors of the i** row yields

det (Al) = a§1Ai1 + a;zAig + -4 a;nAm,

so the desired conclusion is obtained.
6.2.26. According to (6.1.19),

a‘ll e alj PR aln
th : N .

5;( ):det(Di): O -+ 1 -+ 0 HTOWi:Aij'
(&7 . . .
an1  *+° Gpj *°° App

6.2.27. The (3) =6 ways to choose pairs of column indices are

(1,2) (1,3) (1,4)
(2,3) (2,4)
(3,4)

so that the Laplace expansion using i1 =1 and is = 3 is

det (A) = det A(1,3]1,2) A(1,3]1,2) + det A(1,3]1,3) A(1,3]1,3)
+det A(1,3]1,4) A(1,3]1,4) + det A(1,3]2,3) A(1,3]2,3)
+det A(1,3]2,4) A(1,3]2,4) +det A(1,3]3,4) A(1,3]3,4)
=0+ (=2)(=4) + (=1)(3)(=2) + 0+ (=3)(=3) + (=1)(=8)(2)
= 39.
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Solutionsfor exercisesin section 7. 1

7.1.1.

7.1.2.

o(A)={-3,4}

N(A+3I):Smn{(—}>} and N(A—4I)=span{(_11/2)}

o (B) ={-2, 2} in which the algebraic multiplicity of A = —2 is two.

4\ (-2 ~1/2
N (B + 2I) = span 1], 0 and N (B — 2I) = span —1/2
0 1 1

o (C) = {3} in which the algebraic multiplicity of A = 3 is three.
1

N (C — 3I) = span 0
0

o (D) = {3} in which the algebraic multiplicity of A =3 is three.

2 1
N (D — 3I) = span 191,10
0 1

o (E) = {3} in which the algebraic multiplicity of A =3 is three.

1 0 0
N (E — 3I) = span 0)],11],10
0 0 1

Matrices C and D are deficient in eigenvectors.

Form the product Ax, and answer the question, “Is Ax some multiple of x ?”
When the answer is yes, then x is an eigenvector for A, and the multiplier
is the associated eigenvalue. For this matrix, (a), (c), and (d) are eigenvectors
associated with eigenvalues 1, 3, and 3, respectively.
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7.1.3.

7.1.4.

7.1.5.

7.1.6.
7.1.7.

7.1.8.

7.1.9.

7.1.10.

7.1.11.

Solutions

The characteristic polynomial for T is
det (T — )\I) = (t11 — )\) (tgg - )\) R (tnn - )\) 5

so the roots are the t;; ’s.
This follows directly from (6.1.16) because

A - I B

det (T — M) = 0 C_ I

= det (A — A)det (C — ).

If \; is not repeated, then N (A — \I) = span {e;}. If the algebraic multiplic-
ity of A\; is k, and if \; occupies positions i1, i2,...,7; in D, then

N (A —N\I) =span{e;,€i,..., € }.

A singular <= det (A) =0<= 0 solves det (A - A[)=0<=0€0(A).
Zero is not in or on any Gerschgorin circle. You could also say that A is non-
singular because it is diagonally dominant—see Example 7.1.6 on p. 499.

If (A\,x) is an eigenpair for A*A, then ||Ax||§ / ||x||§ =x"A*Ax/x*x = )\ is
real and nonnegative. Furthermore, A > 0 if and only if A*A is nonsingular or,
equivalently, n = rank (A*A) = rank (A). Similar arguments apply to AA*.
(a) Ax=Xx = x=)M"1x = (1/\)x=A"x

(b) Ax=Xx<= (A-a)x=N-a)x<+= A—a)'x=(A —al) x.

(a) Successively use A as a left-hand multiplier to produce

Ax = x = A’x =)Ax=\x
= A’x=\2Ax = )x
= A¥'x = MAx = )\*x

etc.

(b) Use part (a) to write

p(A)x = (Z aiAi> X = Z a;Alx = Z aNix = (Z ai)\l) x = p(A)x.

Since one Geschgorin circle (derived from row sums and shown below) is isolated
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7.1.12.

7.1.13.

7.1.14.

7.1.15.

7.1.16.

7.1.17.

7.1.18.
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from the union of the other three circles, statement (7.1.14) on p. 498 insures
that there is one eigenvalue in the isolated circle and three eigenvalues in the
union of the other three. But, as discussed on p. 492, the eigenvalues of real
matrices occur in conjugate pairs. So, the root in the isolated circle must be real
and there must be at least one real root in the union of the other three circles.
Computation reveals that o (A) = {&i, 2, 10}.

Use Exercise 7.1.10 to deduce that

Aeog(A) = Neog(Ar) = MN=0 = A=0
Therefore, (7.1.7) insures that trace (A) =, \; =0.
This is true because N (A — AI) is a subspace—recall that subspaces are closed
under vector addition and scalar multiplication.

If there exists a nonzero vector x that satisfies Ax = A\ix and Ax = l\ox,
where A1 # Ao, then

0=Ax—Ax=Ax— Aax = (A1 — \2)x.

But this implies x = 0, which is impossible. Consequently, no such x can exist.

1 0 0 1 0 0
No——consider A=10 1 0] and B=[0 2 0
0 0 2 0 0 2

Almost any example with rather random entries will do the job, but avoid diag-
onal or triangular matrices—they are too special.
(a) c=(A-X)"1H(A-AM)c= (A - XI)"}(Ac—Xc) = (A =) (A — e

(b) Use (6.2.3) to compute the characteristic polynomial for A +cd”? to be

det (A +cd” — MI) = det (A — A\ +cd”)
=det (A — ) (1+d" (A —AI) ¢

(il;[l O\ — A)) (1 + AjT_CA)

][5 =N | e +de=)).
J#k

The roots of this polynomial are Ai,..., A\s_1, A\p +d7c, Adps1,. .., An.

(1 — Ag)c

(¢) d= Te will do the job.

(a) The transpose does not alter the determinant—recall (6.1.4)—so that

det (A — AI) = det (AT — AI).
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7.1.19.

7.1.20.

7.1.21.

Solutions

(b) We know from Exercise 6.1.8 that det (A) = det (A*), so

A€o (A) <= 0=det (A -\
= 0=det (A — \I) = det (A — \I)*) = det (A* — \I)
A€o (AY).

(c) Yes.

(d) Apply the reverse order law for conjugate transposes to obtain
YA=py* = A'y=py = Aly=ny = nco(A")=0(A),

and use the conclusion of part (c) insuring that the eigenvalues of real matrices
must occur in conjugate pairs.
(a) When m = n, Exercise 6.2.16 insures that

A'det (AB — AI) = A"det (BA — AI)  for all \,

so det (AB — AI) = det (BA — AI).
(b) If m # n, then the characteristic polynomials of AB and BA are of

degrees m and n, respectively, so they must be different. When m and n are
different—say m > n—Exercise 6.2.16 implies that

det (AB — A\I) = (=\)"""det (BA — AI).

Consequently, AB has m — n more zero eigenvalues than BA.

Suppose that A and B are n xn, and suppose X is n x g. The equation
(A — AI)BX = 0 says that the columns of BX are in N (A — AI), and hence
they are linear combinations of the basis vectors in X. Thus

BX].; =Y piX.; = BX=XP, where Py, = [p;].
[

If (u,2z) is any eigenpair for P, then
B(Xz) =XPz = pu(Xz) and AX=XX = A(Xz)=\(Xz),

so Xz is a common eigenvector.

(a) If Px=MXx and y*Q = py™*, then T(xy*) = Pxy*Q = Auxy™.

(b) Since dimC™*™ = mn, the operator T (as well as any coordinate ma-
trix representation of T ) must have exactly mn eigenvalues (counting mul-

tiplicities), and since there are exactly mn products Ay, where A € o (P),
€ o (Q), it follows that o (T) = {Au|A € o(P), p € 0(Q)}. Use the fact
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that the trace is the sum of the eigenvalues (recall (7.1.7)) to conclude that
trace (T) =2, ; Nipj = 32, Ni >_; i = trace (P) trace (Q).
7.1.22. (a) Use (6.2.3) to compute the characteristic polynomial for D + avvT to be
= det (D +avv! — )\I)
= det (D AL+ avv )
=det (D — AI) (1 +av'(D—AI)"'v) (1)

- (H ()\—/\j)) <1+QZA;’1‘A>

:H(/\—)\j)+az (viH(A—Aj)).

i=1 j#i

For each A, it is true that
p() = avy [T e = 2) #0,
i#k

and hence no )\, can be an eigenvalue for D 4+ avv?. Consequently, if ¢ is an
eigenvalue for D + avv?, then det (D —¢I) # 0, so p(€) =0 and (f) imply
that

0=1+avli(D-¢€l)tv = Z
(b) Use the fact that f(&) =1+ avl(D —&I) 'v =0 to write
D+avw)D-&D) 'v=DD-&I) 'v+v (avT(D - gil)*lv)
=DD-&D) 'v—v
~(D-D-&D)D-&D!
=D -&n)7!
7.1.23. (a) If p(>\) = ()\ - )\1) ()\ - )\2) cee ()\ - )\n) 5 then

’U\
=

3
—

Inp(A) = i:ln()\ -\ = =

(b) If |A;/A] <1, then we can write

o= (- 8) 403 (3
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Consequently,

1 - 1 )\z )\3 n T1 T2
Yol GrEe ) SRR

(c) Combining these two results yields

PA" 4 (n— 1D\ 24+ (0= 2)eo N B ey
o 1 ) n T1 T2
=(N"+aX"T T+ N TP+t <X+ﬁ+ﬁ+”'>
=nN"t 4 (nep 1) AT 4 (neg + e ) AT

+ o+ (nep—1 + TiCn—2 + TaCp3 + -+ + Tn-1)

+ (nep, + Ticp—1 F TaCp—2 -+ Tp) — + -,

> =

and equating like powers of A produces the desired conclusion.
7.1.24. We know from Exercise 7.1.10 that A € 0 (A) = A" € ¢ (A¥), so (7.1.7)

guarantees that trace (Ak) = >, A% = 7. Proceed by induction. The result is
true for k =1 because (7.1.7) says that ¢; = —trace (A). Assume that

_ trace (AB;_4)
)

c; = for i=1,2,...,k—1,

and prove the result holds for ¢ = k. Recursive application of the induction
hypothesis produces

B1 = Cll —+ A
By = c2I + 1A + A?
Bri=croil+cr oA+ -+ AF2 AR
and therefore we can use Newton’s identities given in Exercise 7.1.23 to obtain

trace (ABg_1) = trace (ck,lA +cpoA®+ -+ AR 4 Ak)

= Ckg—1T1 + Cx—2T2 + -+ C1Tp—1 + Tk
= —kck.
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Solutionsfor exercisesin section 7. 2

7.2.1.

7.2.2.

7.2.3.

The characteristic equation is A2 —2\—8 = (A+2)(A—4) = 0, so the eigenvalues
are A\; = —2 and Mg = 4. Since no eigenvalue is repeated, (7.2.6) insures A
must be diagonalizable. A similarity transformation P that diagonalizes A is
constructed from a complete set of independent eigenvectors. Compute a pair of
eigenvectors associated with A\; and Ao to be

-1 -1 -1 -1
xlz( 1>,x2:< 2), and set P:( 1 2).

Now verify that

e (2 1\ (-8 -6\ /-1 -1\ _ (-2 0\ _
PAP_<1 1)(12 10)(1 2)‘(04)_]3'
(a) The characteristic equation is A3 —3X —2 = (A —2)(A + 1)2 = 0, so the

eigenvalues are A =2 and A = —1. By reducing A —2I and A +1 to echelon
form, compute bases for N (A —2I) and N (A +1I). One set of bases is

-1 -1 -1
N (A —2I) = span 0 and N (A +1)=span 1], 0
2 0 1

Therefore,

geo multy (2) = dim N (A —2I) = 1 = alg mult, (2),

geo multy (—1) = dim N (A +1I) = 2 = alg multy (—1).
In other words, A = 2 is a simple eigenvalue, and A = —1 is a semisimple
eigenvalue.

(b) A similarity transformation P that diagonalizes A is constructed from a
complete set of independent eigenvectors, and these are obtained from the above

-1 -1 -1 1 1 1
bases. Set P = 0 1 0 | , and compute P~! = 0 1 0| and
2 0 1 -2 -2 -1
2 0 0
verify that P"1AP = |0 -1 0
0 0 -1
Consider the matrix A of Exercise 7.2.1. We know from its solution that A
is similar to D = 0 4] but the two eigenspaces for A are spanned by

<1) and (;) , whereas the eigenspaces for D are spanned by the unit

vectors e; and es.
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7.2.4.

7.2.5.

7.2.6.

7.2.7.

Solutions

The characteristic equation of A is p(\) = (A—=1)(A—2)2, so alg mult, (2) = 2.
To find geo multy (2), reduce A — 2I to echelon form to find that

-1
N (A —2I) = span 0 ,
1

so geo multy (2) = dim N (A — 2I) = 1. Since there exists at least one eigen-
value such that geo multy (X\) < alg multy (N), it follows (7.2.5) on p. 512 that
A cannot be diagonalized by a similarity transformation.

A formal induction argument can be given, but it suffices to “do it with dots”
by writing

B* = (P"'AP)(P!AP)... (P 'AP)
=P 'APP HAPP!)... (PP ) AP =P 'AA...AP = P 'A*P.
5 2

3 n _
lim,, oo A" = (_10 4
hopes of seeing a pattern, but this clumsy approach is not definitive. A better

technique is to diagonalize A with a similarity transformation, and then use the
result of Exercise 7.2.5. The characteristic equation is 0 = A\2—(19/10)A+(1/2) =
(A=1)(A—=1(9/10)), so the eigenvalues are A =1 and A =.9. By reducing A—1I
and A — .9I to echelon form, we see that

N(A—I):span{(_;>} and N(A—.91)zspan{<_§>},

-1 -2
2 5

) . Of course, you could compute A, A%, A3,... in

so A is indeed diagonalizable, and P = ( ) is a matrix such that

P AP = ((1) %) = D or, equivalently, A = PDP~!. The result of Exer-
cise 7.2.5 says that A”—PD”PI—P<(1) gn>P1, SO
o o f1 0\ (-1 —2\[1 0\(-5 -2\ [ 5 2
A _P<o O)P _< 2 5)(0 0)( 2 1)‘(10 4>'
It follows from P~'P =1 that yix; = Lifi=j, as well as y X =0 and
iXi =0 i, i
Y*x; =0 foreach i =1,...,¢, so
yi Moo 0 0
PUAP = | | A(xilclx|X) =] 1 | =B.
t 0 - N 0

v 0 .- 0 Y'AX
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7.2.8.

7.2.9.

7.2.10.

7.2.11.

7.2.12.

7.2.13.
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Therefore, examining the first ¢ rows on both sides of P7'A = BP~! yields
YiIA=Ny; for i=1,...,t.

If P~'AP =diag (A1, A2,...,\,), then P~'A*P = diag ()\]f, PN )\fl) for
k =0,1,2,... or, equivalently, A*¥ = P diag ()\’f7 Y-S )\Z) P~!. Therefore,
A* — 0 if and only if each A\F — 0, which is equivalent to saying that |\;| <1
for each 4. Since p(A) = maxy,cqs(a)|Ni| (recall Example 7.1.4 on p. 497), it
follows that A¥ — 0 if and only if p(A) < 1.

The characteristic equation for A is A> =2\ +1, so A =1 is the only distinct

eigenvalue. By reducing A — I to echelon form, we see that <i> is a basis for

N(A-1), so x = (1/5) (Z) is an eigenvector of unit length. Following the

procedure on p. 325, we find that R = 3/5 4/5 is an elementary reflector
4/5 -3/5
having x as its first column, and RTAR = RAR = (1) 215

From Example 7.2.1 on p. 507 we see that the characteristic equation for A is

p(A) = A3 +5X2 +3X —9 = (A—1)(A +3)? = 0. Straightforward computation

shows that
0 -4 —4 16 —16 —16
p(A) = (A —T)(A +3I)? = 8 —12 -8 32 -32 -32| =o0.
-8 8 4 -32 32 32

Rescale the observed eigenvector as x = (1/2)(1,1,1,1)T =y so that xTx = 1.
Follow the procedure described in Example 5.6.3 (p. 325), and set u = x — e
to construct

1 1 1 1
2uu” 11 1 -1 -1 :
R=1I- a2 l1 -1 1 -1 =P =[x|X] (since x=y).
1 -1 -1 1
-1 0 -1
Consequently, B = XTAX = 0 2 0],and o(B)=1{2,v2, —V2}.
-1 0 1

Use the spectral theorem with properties G;G; = 0 for i # j and G? = G,
to write AG; = (/\1G1 + XGo + -+ + /\ka)Gz = )\ZG? = \G;. A similar
argument shows G;A = \;G;.

Use (6.2.3) to show that A»"1(A—dTc) = 0 is the characteristic equation for A.
Thus A =0 and A =dTc are the eigenvalues of A. We know from (7.2.5) that
A is diagonalizable if and only if the algebraic and geometric multiplicities agree
for each eigenvalue. Since geo multy (0) = dim N (A) = n — rank (A) =n — 1,

and since -
_Jn—=1 if d'c#0,
alg mult, (0) = {n it dTelo0,
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7.2.14.

7.2.15.

7.2.16.

Solutions

it follows that A is diagonalizable if and only if d”c # 0.
If W and Z are diagonalizable—say P™*WP and Q~'ZQ are diagonal—

then (E g) diagonalizes A. Use an indirect argument for the converse.
Suppose A is diagonalizable but W (or Z) is not. Then there is an eigenvalue

A€ o (W) with geo multyy, (A) < alg multy (A). Since o (A) =0 (W) Uo (Z)
(Exercise 7.1.4), this would mean that

geo multy (A) = dim N (A — AI) = (s +t) — rank (A — M)
= (s —rank (W — AI)) + (t — rank (Z — AI))
= dim N (W — M) + dim N (Z — AT)
= geo mullyy (A) + geo multy (A)
< alg multyy (N) + alg multy (X)
< alg multy (X)),

which contradicts the fact that A is diagonalizable.

If AB = BA, then, by Exercise 7.1.20 (p. 503), A and B have a common
eigenvector—say Ax = Ax and Bx = pux, where x has been scaled so that
|x|l, = 1. If R = [x|X] is a unitary matrix having x as its first column
(Example 5.6.3, p. 325), then

cam [N XAX v (B X*BX
RAR—(O X*AX> and RBR—<O X*BX).

Since A and B commute, so do R*AR and R*BR, which in turn implies
As; = X*AX and By = X*BX commute. Thus the problem is deflated, so the
same argument can be applied inductively in a manner similar to the development
of Schur’s triangularization theorem (p. 508).

If P'AP =D; and P !BP = D, are both diagonal, then DDy = DyD;
implies that AB = BA. Conversely, suppose AB =BA. Let )\ € 0 (A) with
alg multy (\) = a, and let P be such that P"1AP = ()\(I)a B) , where D
is a diagonal matrix with A € o (D). Since A and B commute, so do P"1AP

and P7'BP. Consequently, if P™'BP = (?{f )Z(>7 then

M, 0 W X\ (W X\ /A, O . AX = XD,
0 D Y zZ) \Y Z 0 D DY = \Y,
so (D=A)X =0 and (D—AI)Y = 0. But (D—AI) is nonsingular, so X =0

and Y = 0, and thus P~'BP = (‘87 g) . Since B is diagonalizable, so is
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7.2.17.

7.2.18.

7.2.19.

7.2.20.

7.2.21.

7.2.22.

7.2.23.
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P~ !BP, and hence so are W and Z (Exercise 7.2.14). If Q = <%“’ (g >7
where Q,, and Q. are such that Q_,'WQ, = D,, and Q;!ZQ, = D, are
each diagonal, then

QAP = (g o ihg ) wd eeEe - (T 0.

Thus the problem is deflated because A; = Q;'DQ. and By = D, commute
and are diagonalizable, so the same argument can be applied to them. If A has k
distinct eigenvalues, then the desired conclusion is attained after k repetitions.
It’s not legitimate to equate p(A) with det (A — AI) because the former is a
matrix while the latter is a scalar.

This follows from the eigenvalue formula developed in Example 7.2.5 (p. 514) by
using the identity 1 — cosf = 2sin®(6/2).

(a) The result in Example 7.2.5 (p. 514) shows that the eigenvalues of N4 N7
and N—N7T are \; = 2cos (jm/n+ 1) and \; = 2icos (jm/n + 1), respectively.
(b) Since N — N7 is skew symmetric, it follows from Exercise 6.1.12 (p. 473)
that N—N7' is nonsingular if and only if n is even, which is equivalent to saying
N — N7 has no zero eigenvalues (recall Exercise 7.1.6, p. 501), and hence, by
part (a), the same is true for N + N7,

(b: Alternate) Since the eigenvalues of N+ N7 are \; = 2cos (jm/n+ 1) you
can argue that N+ N7 has a zero eigenvalue (and hence is singular) if and only
if n is odd by showing that there exists an integer « such that jr/n+1 = an/2
for some 1 < j <n if and only if n is odd.

(¢) Since a determinant is the product of eigenvalues (recall (7.1.8), p. 494),
det (N — NT)/det (N + NT) = (A1 -+ i\,) /(A1 -+ Ap) =1 = (—=1)V/2.
1 1 1 1
The eigenvalues are {2,0,2,0}. The columns of Fy = } __11 _1 _11 are
1 i -1 —i
corresponding eigenvectors.
Ax = Ax = y"Ax = A\y*x and y*A = py* = y*Ax = uy*x.
Therefore, A\y*x = py*x — A—p)y*x=0 = y*x=0 when \# p.
(a) Suppose P is a nonsingular matrix such that P~'AP = D is diagonal,
and suppose that X is the k** diagonal entry in D. If x and y* are the k*®
column and k" row in P and P!, respectively, then x and y* must be
right-hand and left-hand eigenvectors associated with A such that y*x = 1.

(b) Consider A =1 with x=e; and y =e; for i # j.
. (0 1

(¢) Consider A = (0 0> .

(a) Suppose not—i.e., suppose y*x = 0. Then

x Lspan(y) = N(A—AI)* = xeN(A—AD"" =R(A—)).
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7.2.24.

7.2.25.

7.2.26.

Solutions

Also, x € N (A — AI), so x € R(A — AXI)NN (A — MI). However, because A is
a simple eigenvalue, the the core-nilpotent decomposition on p. 397 insures that
c o > , and this implies that
0 O1x1

R(A — MI)NN (A — A\I) = 0 (Exercise 5.10.12, p. 402), which is a contradiction.
Thus y*x # 0.

(b) Consider A =1 with x=e; and y =e; for i # j.

Let B; be a basis for N (A — \I), and suppose A is diagonalizable. Since
geo multy (A;) = alg multy (N\;) for each i, (7.2.4) implies B = B UByU---UBy
is a set of n independent vectors—i.e., B is a basis for R™. Exercise 5.9.14
now guarantees that R = N(A—MI) @ N(A—-XI) @ - @& N (A — \I).
Conversely, if this equation holds, then Exercise 5.9.14 says B = B;UBsU- - -UBy,
is a basis for R, and hence A is diagonalizable because B is a complete
independent set of eigenvectors.

Proceed inductively just as in the development of Schur’s triangularization the-
orem. If the first eigenvalue A is real, the reduction is exactly the same as
described on p. 508 (with everything being real). If A is complex, then (), x)
and (\,X) are both eigenpairs for A, and, by (7.2.3), {x,X} is linearly indepen-
dent. Consequently, if x = u+ iv, with u,v € R**! then {u,v} is linearly
independent—otherwise, u = &v implies x = (1 +i§)u and X = (1 — if)u,
which is impossible. Let A = a + i3, «,8 € R, and observe that Ax = \x
implies Au=au— (v and Av=/u+av, so AW =W ( g g) , where
W = [u | V]. Let W = Q,x2Rax2 be a rectangular QR factorization (p. 311),

and let B=R<_g g)R_l so that a(B)za(_g g) ={\, A}, and

A — )1 is similar to a matrix of the form (

AW=AQR=QR(_§ g) — QTAQzR(_g §>R—1:B.

If X, xn_o is chosen so that P = [Q|X] is an orthogonal matrix (i.e., the
columns of X complete the two columns of Q to an orthonormal basis for
®7), then XTAQ = XTQB =0, and

(B QTAX

XTAQ XTAX —<0 XTAX>'

Now repeat the argument on the n — 2 x n — 2 matrix XTAX. Continuing in
this manner produces the desired conclusion.

Let the columns R, «, be linearly independent eigenvectors corresponding to
the real eigenvalues p;, and let {xi,X1,X2,X2,...,Xs, Xt} be a set of linearly
independent eigenvectors associated with {)\1,}1, A2, A2y, )\t,Xt} so that the
matrix Q = [R|x1 [ X1 ]| xe |§t] is nonsingular. Write x; = u; +iv; for
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uj,v; € R1 and \j = a; +iB; for a,3 € R, and let P be the real matrix
P = [R|uy|vi|uz|va|---|u;|v;]. This matrix is nonsingular because Exer-
cise 6.1.14 can be used to show that det (P) = 2t(—i)’ det (Q). For example, if
t=1, then P = [R|u1|v1] and
det (Q) = det [R|x; [ X1] = det [R|uy +ivy [ug —ivy]
=det [R|u; |w] +det [R|uy | —ivy]
+ det [R | iVl | 111} + det [R | iVl | iVl]

= —idet [R|uy [v1] +idet [R|vy|uy]

= —idet [R|uy [vq] —idet [R|uy [vq] = 2(~i) det (P).
Induction can now be used. The equations A(u; +1iv;) = (a; +16;)(u; + iv;)

yield Au; = aju; — B;v; and Av; = §ju; + a;v;. Couple these with the fact
that AR = RD to conclude that

D 0 - 0
0 B, - 0
AP = [RD |- |aju; — Bjv;| By +agv |- ] =P . ],
0 O B,
where
pi 0 - 0
0 pp - 0 o B
D= . . ) and B, = J J).
S ! (-ﬂj a;
0 0 - pr

Schur’s triangularization theorem says U*AU = T where U is unitary and T
is upper triangular. Setting x = Ue; in x*Ax =0 yields that ¢;; = 0 for each
i, so t;; =0 forall ¢ > j. Nowset x =U(e;+e;) with ¢ < j in x*Ax =0 to
conclude that t;; =0 whenever ¢ < j. Consequently, T =0, and thus A = 0.

To see that xTAx =0V x € R"*! & A =0, consider A = ((1] 7(1))

Solutions for exercisesin section 7. 3

7.3.1.

1 0
eigenvalues of A are A\ = 0 and Ay = —m. Note that A is diagonalizable
because no eigenvalue is repeated. Associated eigenvectors are computed in the

usual way to be
(1 d (-1
X1 = 1 a1n X2 = 1)

(1 -1 11 1 1
P_(l 1) and P —5(_1 1).

cos A = (0 1) . The characteristic equation for A is A?> +7\ = 0, so the

SO



138

7.3.2.

7.3.3.

7.3.4.
7.3.5.

Solutions

Thus

enr (3L et D 0D
(o1,

From Example 7.3.3, the eigenvalues are Ay = 0 and Ay = —(a + ), and
associated eigenvectors are computed in the usual way to be

X1—<ﬁ{a) and XQ—(_1>,
_(B/a -1 41 1 1
= () me e ()
Thus

eMt 4« Bla -1 1 0 1 1
P( 0 eA’-’t)P 1_a+g< 1 1) (0 e—<a+5>t) (—1 5/a>

_ 1 BB —(atpyt [ @ =P
~wa (e ) e ()]

= eAltGl + ethGg.

SO

Solution 1: If A = PDP~! where D = diag (A1, \2,...,\,), then

sin? \; 0 0
0 sin? \ . 0
sin? A =P (sn?D) P~ =P| R . |p
0 0 c-sin? A\,

Similarly for cos?A, so sin’A + cos?A = P (sinQD + coszD) P '=PIP ' =1
Solution 2: If o (A) = {A1,A2,..., A\x}, use the spectral representation (7.3.6)
to write sin® A = Zle(siHQ \i)G; and cos? A = X:i?:l(cos2 Ai)Gi, so that
sin? A + cos? A = Zf:l(sin2 i +cos? NGy = Zle G, =L

The infinite series representation of e® readily yields this.

(a) Eigenvalues are invariant under a similarity transformation, so the eigen-
values of f(A) =Pf(D)P~! are the eigenvalues of f(D), which are given by

{F(A), fF(A2), o F(An) -
(b) If (A x) is an eigenpair for A, then (A — zpI)"x = (A — 2z9)"x implies
that (f(A\),x) is an eigenpair for f(A).
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7.3.7.

7.3.8.

7.3.9.

7.3.10.
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If {\1,)\2,...,\,} arethe eigenvalues of A, ., then {e* e*2 ... e’} arethe
eigenvalues of e by the spectral mapping property from Exercise 7.3.5. The
trace is the sum of the eigenvalues, and the determinant is the product of the
cigenvalues (p. 494), so det (eA) = eMer2 ... et = eliFrattAn = gtrace(A),
The Cayley—Hamilton theorem says that each A,,x,, satisfies its own charac-
teristic equation, 0 =det (A — AXI) = A™ +c AN LA™ 2+ e 1 A+,
so Am =A™l —...—¢, 1A —¢,I Consequently, A™ and every higher
power of A is a polynomial in A of degree at most m—1, and thus any expres-
sion involving powers of A can always be reduced to an expression involving at
most I A,...,Am 1,

When A is diagonalizable, (7.3.11) insures f(A) = p(A) is a polynomial in
A, and Ap(A) =p(A)A. If f(A) is defined by the series (7.3.7) in the non-
diagonalizable case, then, by Exercise 7.3.7, it’s still true that f(A) = p(A) is
a polynomial in A, and thus Af(A)= f(A)A holds in the nondiagonalizable
case also.

If A and B are diagonalizable with AB = BA, Exercise 7.2.16 insures A and
B can be simultaneously diagonalized. If P~1AP =D 4 =diag (A1, A2,..., )
and P~'BP=Dpg=diag (u1, p2,.--,pn), then A+B =P(D4+Dg)P ! so

ertm 0 L 0
Aetpz L.
eAtB =P (P4tP5) P =P ? 62:“ . 0 P!
b
eM 0 0 el 0 0
0 e ... 0 o 0 etz ... o
=Pl . Do S L o RN . |P
0 0 - e 0 0 ehn
= ¢®eB.

In general, the same brute force multiplication of scalar series that yields

> n X .n > .n
Tty _ (m_%y) _ T Q_ ALY
D D el D D ar | =
n=0

n=0 n=0

holds for matrix series when AB = BA, but this is quite messy. A more elegant
approach is to set F(t) = eAtTBt — eAteB! and note that F/(t) = 0 for all ¢
when AB = BA, so F(t) must be a constant matrix for all ¢. Since F(0) = 0,
it follows that e(A+B)t = ¢AteBt for all ¢. To see that eA1B, ¢AeB, and eBe?

can be different when AB # BA, consider A = <(1) 8) and B = <(1) é) :

The infinite series representation of e® shows that if A is skew symmetric,
then (eA)T =eA = e A, and hence e® (eA)T =eA A=V =L
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7.3.11.

7.3.12.

Solutions

(a) Draw a transition diagram similar to that in Figure 7.3.1 with North and
South replaced by ON and OFF, respectively. Let zj be the fraction of switches
in the ON state and let y, be the fraction of switches in the OFF state after k
clock cycles have elapsed. According to the given information,

T = ZL'k_l(.].) + yk_l(.3)
Yy = Tr—1(.9) + yp—1(.7)
T T T 1.9
so that p;,, = p, T, where p;, = (2, ) and T = PR Compute

o(T) = {1,—1/5}, and use the methods of Example 7.3.4 to determine the
steady-state (or limiting) distribution as

1/4 3/4)

T _ 7: T _ 7 Tk _ T 7 k _
P = im py = lim poT" =py lim T" = (o yo)(l/zl 3/4

_(®otyo 3(zo+wo) _
,( Rl o Lo )41/4 3/4).

Alternately, (7.3.15) can be used with x; = (1

1) and y1 = (1 3) to obtain

T T T
T T 1 Kk T 1 (Pox1)yi Y1

= lim T% = lim G; = = =(1/4 3/4).
Psx = Po o Po P 1 y'_lrxl Y{Xl ( / / )

(b) Computing a few powers of T reveals that

o (280 720 o _ (244 756
240 .760 )’ 252 748 )

i (251 749 o _ (250 750
250 750 )7 250 750 )

so, for practical purposes, the device can be considered to be in equilibrium after
about 5 clock cycles, regardless of the initial configuration.

Let 0 (A) = {A1,Aa,..., Ag} with |[A| > |A2| > - > | A/, and assume A\ # 0;
otherwise A = 0 and there is nothing to prove. Set

AT MG NG+ + ARG HA?Gl + A5G+ + AP Gy,
AT AT AT

A2\ A\
e 2) Gyt AL el
H 1+<)\1> 2t +</\1> g

Un

k
and let v = Z 1G] -
i=1
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Observe that 1 < v, < v for every positive integer n—the first inequality
follows because A} € o (A™) implies |A?| < [JA™| by (7.1.12) on p. 497, and
the second is the result of the triangle inequality. Consequently,

[N
1M < Vrl/" <" = 1< lim 1/%/" <1=—=1= lim Z/i/n: lim T
n—oo n—oo n—oo 1

7.3.13. The dominant eigenvalue is Ay = 4, and all corresponding eigenvectors are

multiples of (—1,0,1)T.
7.3.15. Consider

< — 1-1/n x— 1
n — _1 - _1 b
but m(x,) = —1 for all n = 1,2,..., and m(x) = 1, so m(x,) /& m(x).
Nevertheless, if lim,,_,o, X, # 0, then lim, . m(x,) # 0 because the function

m(v) = |m(v)| = ||v||,, is continuous.
7.3.16. (a) The “vanilla” QR iteration fails to converge.
0 0 1 1 3 1 -2 1 1
(b) H—I:QR:<—1 0 0) (o 2 0) and RQ+I:<—2 1 0).
0 1 0 0 0 O 0 0 1

Solutionsfor exercisesin section 7. 4

7.4.1. The unique solution to u’ = Au, u(0) =c, is

Mt 0 ... 0
0 et 0
u=e?c=P : P lc
0 0 ernt
et 0 .. 0 &
0 eMt 0 &
= [x1]x2 ][ x4] : . : :
0 O T eAnt fn

= &eMixg + Eetixg + -+ Eretix,.

a) All eigenvalues in o (A) = {—1,—3} are negative, so the system is stable.

c¢) o (A) = {£i}, so the system is semistable. If ¢ # 0, then the components
in u(t) will oscillate indefinitely.
7.4.3. (a) If ug(t) denotes the number in population k at time ¢, then

(
(b) All eigenvalues in o (A) = {1,3} are positive, so the system is unstable.
(
i

uj = 2uy — ug, u1(0) = 100,

uh = —uy + 2ug, u2(0) = 200,
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Solutions

or u = Au, u(0) = ¢, where A = <_i ;) and ¢ = (;88) The

characteristic equation for A is p(A) = A2 —4X+3 = (A —1)(A—3) =0, so
the eigenvalues for A are A\; =1 and A2 = 3. We know from (7.4.7) that

u(t) = eMtyvy + eM2tv, (where v; = G;c)

is the solution to u’ = Au, u(0) = c¢. The spectral theorem on p. 517 implies
A—I=(A —X)G; and I =G; + Gg, so (A — AI)c= (N — A2)vy and
c = vy + Vo, and consequently

v *—(Ai/\QI)C* 150 and vg=c—vy= —20
T 00— ) 150 *T T s0)0

SO
up(t) = 150e — 50e*  and  wsy(t) = 150e’ + 50e>".

(b) As t — o0, wi(t) — —oo and wug(t) — +oo. But a population can’t
become negative, so species | is destined to become extinct, and this occurs at
the value of ¢ for which wu;(t) = 0—i.e., when
In3
et(e%—B):O = =3 = tznT.
If ug(t) denotes the number in population k at time ¢, then the hypothesis
says
u) = —uq + ug, u1(0) = 200,
uh = uy — 2ug, u2(0) = 400,
-1 1 200
I _— — —
or v = Au, u(0) = ¢, where A = ( 1 1) and ¢ = (400) . The

characteristic equation for A is p(\) = A24+2\ = A(A+2) = 0, so the eigenvalues
for A are A\; =0 and Ay = —2. We know from (7.4.7) that

u(t) = e)‘ltvl + e>‘2tV2 (where v; = G;c)

is the solution to u’ = Au, u(0) = c. The spectral theorem on p. 517 implies
A — )\QI = ()\1 — )\Q)Gl and I = G1 + GQ, SO (A — )\QI)C = ()\1 — /\Q)Vl and
c = vy + Vo, and consequently

A% —7(A_)\21)C— 300 and vo=c—vVvy = —100
T =) 300 2= 1= 100 )"

SO
up(t) = 300 — 100e 2" and  wusy(t) = 300 + 100e 2.

As t — oo, wi(t) — 300 and ws(t) — 300, so both populations will stabilize
at 300.
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Solutionsfor exercisesin section 7. 5

7.5.1.

7.5.2.
7.5.3.

7.5.4.

7.5.5.

7.5.6.

7.5.7.

7.5.8.

6+6i1 24

Real skew-symmetric and orthogonal matrices are examples.

We already know from (7.5.3) that real-symmetric matrices are normal and have
real eigenvalues, so only the converse needs to be proven. If A is real and
normal with real eigenvalues, then there is a complete orthonormal set of real
eigenvectors, so using them as columns in P € R"*™ results in an orthogonal
matrix such that PTAP = D is diagonal or, equivalently, A = PDP7?, and
thus A = AT,

If (A\,x) is an eigenpair for A = —A* then x*x # 0, and Ax = Ax implies
Ax* = x*A*, so

Yes, because A*A = AA* = ( 30 6—61)

XA FN) =x" A+ Nx=x"Ax +x*A*x =0 = A=)\ = Re()) =0.

If A is skew hermitian (real skew symmetric), then A is normal, and hence
A is unitarily (orthogonally) similar to a diagonal matrix—say A = UDU™*.
Moreover, the eigenvalues A; in D = diag (A1, A2,...,\,) are pure imaginary
numbers (Exercise 7.5.4). Since f(z) = (1 —2)(1+ 2)~! maps the imaginary
axis in the complex plane to points on the unit circle, each f(A;) is on the unit

circle, so there is some 6; such that f()\;) = €% = cos@;+isin ;. Consequently,
f(\) 0 0 e 0 ... 0
0 f(A2) -+ 0 0 €% ... 0
f(A)=U . ) ) ) U =uU| . —_— . |U*
0 0 .. f()\n) 0 0 . eien

together with el%elfi = el%e~% =1 yields f(A)*f(A) = I. Note: The fact
that (I—A)I+A)"! =1+ A)"}I-A) follows from Exercise 7.3.8. See the
solution to Exercise 5.6.6 for an alternate approach.

Consider the identity matrix—every nonzero vector is an eigenvector, so not ev-
ery complete independent set of eigenvectors needs to be orthonormal. Given
a complete independent set of eigenvectors for a normal A with o(A) =
{A1, A2, ..., A}, use the Gram—Schmidt procedure to form an orthonormal basis
for N (A — \]I) for each . Since N (A — NI) L N (A —\I) for A\; # A; (by
(7.5.2)), the union of these orthonormal bases will be a complete orthonormal
set of eigenvectors for A.

01 0
Consider A=10 0 0
0 0 1

Suppose T,,x, is an upper-triangular matrix such that T*T = TT*. The (1,1)-
entry of T*T is |t11]?, and the (1,1)-entry of TT* is > ,_, [tix|*. Equating
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7.5.9.

7.5.10.

7.5.11.

7.5.12.

Solutions

these implies t19 = t13 = --- = t1, = 0. Now use this and compare the (2,2)-
entries to get tog = togy = -+ - = ta, = 0. Repeating this argument for each row
produces the conclusion that T must be diagonal. Conversely, if T is diagonal,
then T is normal because T*T = diag (|t11|>- - [tnn]?) = TT*.

Schur’s triangularization theorem on p. 508 says every square matrix is unitarily
similar to an upper-triangular matrix—say U*AU = T. If A is normal, then
so is T. Exercise 7.5.8 therefore insures that T must be diagonal. Conversely,
if T is diagonal, then it is normal, and thus so is A.

If A is normal, so is A — AL. Consequently, A — Al is RPN, and hence
N(A—=X)=N(A-X)" (p. 408),50 (A —M)x=0<+= (A* —A)x=0.
Just as in the proof of the min-max part, it suffices to prove

A = max min y*Dy.
P, e Y Y
Iy llo=1

For each subspace V of dimension i, let Sy ={y €V, |ly||, =1}, and let
S, ={yeVvnF* |lyl, =1}, where F ={ei,es,...,e 1}.
(VN FL # 0—otherwise dim(V + F*) = dimV + dim F+ = n + 1, which is

impossible.) So S}, contains vectors of Sy of the form y = (0,...,0,¥i,...,yn)T
with 377 [y;]* = 1, and for each subspace V with dimV =i,

y'Dy = Z)\j|yj|2 <\ Z ly;? =\ forallyeS;,.
=i j=i

Since Sy, C Sy, it follows that n‘;in y*Dy < rg}n y*Dy < \;, and hence
v

v

max min y*Dy < \;.
YR, y Dy = A
To reverse this inequality, let V= span{ey,es,...,e;}, and observe that

A i
YDy => Nlyl> = ) |yl =X forally € Sp,

j=1 j=1

so max min y*Dy > max y*Dy > \;.
VvoUSy Sy

Just as before, it suffices to prove A; = min max y*Dy. For each set
Vi, Vic1€ECT yLvi,vig
lIylla=1

V={vi,ve,...,vi_1}, let Sy ={y € V*, |lyll, =1}, and let

S, ={yeVvtnTt |yll, =1}, where T ={eit1,...,e,}
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(VENT+ # 0—otherwise dim(V++7+) = dim V- +dim 7+ = n+1, which is
impossible.) So &}, contains vectors of Sy of the form y= (y1,...,9;,0,...,0)
with 320, ly;|> =1, and for each V = {vy,...,v;_1},

YDy => Nlyl> = D |yl =X forally €S,

j=1 j=1

Since S}, C Sy, it follows that max y*Dy > max y*Dy > );, and hence
v v
minmax y*Dy > \;.
inmax y*Dy > X

This inequality is reversible because if Y = {ej,e3,...,€;_1}, thenevery y € Y
has the form y = (0,...,0,;,...,yn)T, so

YDy => NlyP <N lylP =N forally €Sy,

j=i j=i
and thus m‘;n max y'Dy < max y*Dy < A;. The solution for Exercise 7.5.11
v v

can be adapted in a similar fashion to prove the alternate max-min expression.
(a) Unitary matrices are unitarily diagonalizable because they are normal. Fur-
thermore, if (A,x) is an eigenpair for a unitary U, then

Ixllz = I1Ux]l; = [Ax]l; = AP [xll; = =1 = A=cosf+isin6=e".

(b) This is a special case of Exercise 7.2.26 whose solution is easily adapted to
provide the solution for the case at hand.

Solutionsfor exercisesin section 7. 6

7.6.1.

7.6.2.

Check the pivots in the LDL” factorization to see that A and C are positive
definite. B 1is positive semidefinite.
(a) Examining Figure 7.6.7 shows that the force on m; to the left, by Hooke’s

law, is Fl(l) =kx1, and the force to the right is Fl(r) =k(xy — x1), so the total

force on m; is Fj = Fl(l) — 1(T) = k(2x1 — x2). Similarly, the total force on

me is Fy = k(—z1 + 2x2). Using Newton’s laws F; = mja; = myzf and
Fy = moas = mexd yields the two second-order differential equations

= Mx" = Kx,
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7.6.3.

7.6.4.

7.6.5.

Solutions

(b) A= (34£v/3)/2, and the normal modes are determined by the corresponding
eigenvectors, which are found in the usual way by solving

(K — AM)v = 0.

They are

as(T5) e (1)

(¢) This part is identical to that in Example 7.6.1 (p. 559) except a 2 x 2
matrix is used in place of a 3 x 3 matrix.
Each mass “feels” only the spring above and below it, so

myyy = Force up — Force down = ky; — k(y2 — 41) = k(2y1 — y2)
moyh = Force up — Force down = k(ys — y1) — k(ys — y2) = k(—y1 + 2y2 — v3)
msys = Force up — Force down = k(y3 — y2)

(b) Gerschgorin’s theorem (p. 498) shows that the eigenvalues are nonnegative,
as since det (K) # 0, it follows that K is positive definite.

(¢) The same technique used in the vibrating beads problem in Example 7.6.1
(p- 559) shows that modes are determined by the eigenvectors. Some computation
is required to produce A\; =~ .198, A9 =~ 1.55, and A3 ~ 3.25. The modes are
defined by the associated eigenvectors

y .328 -0 —a
xi;=|a|=|591)|, xx=| -], and X3 = I6]
16} 137 @ —y

Write the quadratic form as 1322 +10xy+13y? = (= y) ( 153 153) (‘;j) =z Az.

We know from Example 7.6.3 on p. 567 that if Q is an orthogonal matrix such

that QTAQ =D = ()E)l )?2), and if w=QTz = (5), then

1322 4+ 102y + 13y? = 2T Az = wI Dw = A\ju? 4+ \v°.

Computation reveals that Ay = 8, Ay = 18, and Q = % (_% }), so the

graph of 1322 + 102y + 13y? = 72 is the same as that for 18u2 4+ 8v? = 72
or, equivalently, u?/9 +v?/4 = 1. It follows from (5.6.13) on p. 326 that the
uv-coordinate system results from rotating the standard zy-coordinate system
counterclockwise by 45°.

Since A is symmetric, the LDU factorization is really A = LDL” (see Exercise
3.10.9 on p. 157). In other words, A = D, so Sylvester’s law of inertia guarantees
that the inertia of A is the same as the inertia of D.
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7.6.7.

7.6.8.

7.6.9.
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(a) Notice that, in general, when x”7 Ax is expanded, the coefficient of TP
is given by (ai; + a;;)/2. Therefore, for the problem at hand, we can take

1 -2 2 8
A= 9 2 7 10
8 10 4

(b) Gaussian elimination provides A = LDL”, where

—2/9
0
0

— =

L=| - and D=

—4

o= O
—_ o O
o = O
o O O

so the inertia of A is (1,1,1). Setting y = L”x (or, x = (LT)"y) yields

2
x"Ax =y"Dy = —Suf +43.
(¢) No, the form is indefinite.

(d) The eigenvalues of A are {2,—1,0}, and hence the inertia is (1,1,1).
AA* is positive definite (because A is nonsingular), so its eigenvalues \; are
real and positive. Consequently, the spectral decomposition (p. 517) allows us to

write AA* = E?Zl AiG;. Use the results on (p. 526), and set

k k
R=(AA)2=3")%G;, and R7'=(AA")"2=%")\"%G..

i=1 i=1

It now follows that R is positive definite, and A = R(R7!A) = RU, where
U =R 'A. Finally, U is unitary because

UU* = (AA*)"2AA*(AA") V2 =1
If RiU; = A =RyU,, then R§1R1 = UyU7, which is unitary, so
R;'RiRR,;' =1 = R}=R3 = R, = Ry (because the R;’s are pd).

The 2-norm condition number is the ratio of the largest to smallest singular
values. Since L is symmetric and positive definite, the singular values are the
eigenvalues, and, by (7.6.8), max A;; — 8 and min\;; — 0 as n — oo.

The procedure is essentially identical to that in Example 7.6.2. The only differ-
ence is that when (7.6.6) is applied, the result is

—duij + (Wim1j + Wig1j + i1+ Uijy1)
h2

+O(h?) = fi;
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7.6.10.

Solutions

or, equivalently,

4uij—(ui,1’j+ui+1,j —&—ui,j,l +ui,j+1)+0(h4) = _thij for ,j=1,2,...

;1.

If the O(h*) terms are neglected, and if the boundary values g;; are taken to
the right-hand side, then, with the same ordering as indicated in Example 7.6.2,
the system Lu = g — h?f is produced.

Aw 00 A
0 A, 0 " " "
’ -1, 21, -1,
0 0 A, -1, oI,
4 -1
-1 4 -1
A, +2L, =T, = , SO
-1 4 -1
-1 4 nxn
Tn *In
-1, T, -1,
(I7L®An)+(An®In): . :Ln2><n2-
-1, T, -1,
_In Tn

Solutionsfor exercisesin section 7. 7

7.7.1.

7.7.2.

No. This can be deduced directly from the definition of index given on p. 395,
or it can be seen by looking at the Jordan form (7.7.6) on p. 579.
Since the index k of a 4 x 4 nilpotent matrix cannot exceed 4, consider the
different possibilities for & = 1,2,3,4. For k = 1, N = 04x4 is the only
possibility. If & =2, the largest Jordan block in N is 2 x 2, so

0 1 0| o0

0 001 0] 0

N = . and N:00 0 0
0 00 0 0

are the only possibilities.
3x3 or 4x4, so

If k=3 or k=4, then the largest Jordan block is

and N =

o O oo
S O o
o O = O
o= OO
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7.7.3.

7.7.4.

7.7.5.

7.7.6.
7.7.7.

7.7.8.
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are the only respective possibilities.

Let k = index(L), and let ¢(; denote the number of blocks of size i x i or
larger. This number is determined by the number of chains of length ¢ or larger,
and such chains emanate from the vectors in Sp_1 USp_oU---US;_1 = B;_1.
Since B;_; is a basis for M;_;, it follows that {; = dimM;_1 = r;_1 — 7y,
where r; = rank (L') —recall (7.7.3).

xeM;=R(L)NN (L) = x=L' forsome y and Lx=0 — x=
L7YLy)y and Lx=0 = x€R(L"')NN (L) = M,_;.

It suffices to prove that R (Lkil) C N (L), and this is accomplished by writing

XER(Lk_l) — x =Ly forsome y = Lx=L'y =0=x¢c N (L).

This follows from the result on p. 211.

L2 = 0 means that L is nilpotent of index k = 2. Consequently, the size of
the largest Jordan block in N is 2 x 2. Since 71 = 2 and r; =0 for i > 2,
the number of 2 x 2 blocks is 71 — 2ry + r3 = 2, so the Jordan form is

In this case, Mo = N (L) = R (L) = M; because L?=0 = R(L)C N (L)
and dimR(L) = 2 =dim R (L). Now, S; = {L.1, L.2} (the basic columns in
L) is a basis for M; = R(L), and Sy = ¢. Since x; = e; and xo = ey are
solutions for Lx; = L,; and Lxy; = L,;, respectively, there are two Jordan
chains, namely {Lxj,x;} = {L.1,e1} and {Lxg,x2} = {L.2,e2}, so

3 1 3 0

-2 0 -1 1

P=[L. |ei|Lia|e] = 10 -1 0
-5 0 —4 0

Use direct computation to verify that P~'LP = N.
Computing r; = rank (LZ) reveals that r; =4, ro =1, and r3 = 0, so the
index of L is £ =3, and

the number of 3 x 3 blocks =1y —2r3 + 14 =1,
the number of 2 x 2 blocks =1y — 2ry + 13 = 2,
the number of 1 x 1 blocks = rg — 2ry + 179 = 1.
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7.7.9.

Solutions

Consequently, the Jordan form of L is

OO | oo | OO
[N el ool RoBell S
oo | o~ O oo
(esllenll el enJl e Bl e N e)

ol oo | oo | o oo
(=i ==l el i)
olooc|looc oo o

=N NeNelloBolRol =

0 0 0] 00

Notice that four Jordan blocks were found, and this agrees with the fact that
dim N (L) = 8 — rank (L) = 4.

If N, is an n; X n;, nilpotent block as described in (7.7.5), and if D; is the
diagonal matrix D; = diag (1, €iy - .,e”ifl) , then Di_lNiDZ- = ¢;N;. There-
fore, if P7'LP = N is in Jordan form, and if Q = PD, where D is the
block-diagonal matrix D = diag (Dy, Da,...,D;), then Q7 'LQ = N.

Solutionsfor exercisesin section 7. 8

7.8.1.

7.8.2.

Since rank (A) =17, rank (A2) =6, and rank (A3) =5=rank (A?"“‘)7 there
is one 3 x 3 Jordan block associates with A = 0. Since rank (A +1I)=6 and
rank (A +1)?) = 5 = rank ((A + I)*™), there is one 1x 1 and one 2 x 2
Jordan block associated with A = —1. Finally, rank(A —1I) = rank ((A —I)'*7)
implies there are two 1 x 1 blocks associated with A = 1—i.e., A =1 is a
semisimple eigenvalue. Therefore, the Jordan form for A is

0 1
0

o = O

1

As noted in Example 7.8.3, 0 (A) = {1} and k = index(1) = 2. Use the pro-
cedure on p. 211 to determine a basis for My_; = M; =R(A-I)NN(A -1

1
to be &1 = { <2> = bl}. (You might also determine this just by inspection.)
2

0 1
A basis for N (A —1) is easily found to be {(1) , ( O) }, S0 examining
0 -2
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7.8.3.

7.8.4.

7.8.5.

7.8.6.
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10 1 0
the basic columns of <72 1 0) yields the extension set Sp = { < 1> = bg}.
0

-2 0 -2
Solving (A — I)x = by produces x = e3, so the associated Jordan chain is
100
{bi,e3}, and thus P = (bl les | bg) = (—2 0 1) . It’s easy to check that
-2 1 0

110
P AP = (0 1 0> is indeed the Jordan form for A.
00 1

If k = index(X), then the size of the largest Jordan block associated with A
is k x k. This insures that A must be repeated at least &k times, and thus
index(X) < alg mult(N).

index(\) = 1 if and only if every Jordan block is 1 x 1, which happens if
and only if the number of eigenvectors associated with A in P such that
P~ !AP =1J is the same as the number of Jordan blocks, and this is just an-
other way to say that alg mults (A) = geo mult, (X), which is the definition of
A being a semisimple eigenvalue (p. 510).

A1
Notice that R? =1, so R"! =R =R", and if J, = < > is a generic
A

Jordan block, then R™'J,R = RJ,R = JI. Thus every Jordan block is similar
to its transpose. Given any Jordan form, reversal matrices of appropriate sizes
can be incorporated into a block-diagonal matrix R such that R-JR = J7
showing that J is similar to J”. Consequently, if A = PJP~!, then

AT —p~1"37pT — p-t"R-1JRPT = P~ "R!P!APRP? = Q'AQ,
where Q = PRPT.

If 0(A)={\,Na,..., s}, where alg mult()\;) = a;, then the characteristic
equation for A is 0= (x — A1) (z — A2)®2 - (x — A\g)% =c(x). If

. Ao 1
J= J, =P 'AP is in Jordan form with J, = ( )
. N
representing a generic Jordan block, then
((A)=c(PIPH =Pc(HP ' =P | ¢J,) P

0 1 r
Notice that if J, is 7 x r, then (J,—\I)" = ) = 0. Since the size of
0

the largest Jordan block associated with \; is k; x k;, where k; = index()\;) <
alg mult(\;) = a;, it follows that (J, —\;I)* = 0. Consequently ¢(J,) =0 for
every Jordan block, and thus ¢(A) = 0.
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7.8.7.

7.8.8.

7.8.9.

7.8.10.

7.8.11.

Solutions

By using the Jordan form for A, one can find a similarity transformation P

such that P~ (A — M) P = (Lmoxm g) with L¥ =0 and C nonsingular.
—1 k Omxm 0
Therefore, P71 (A = AI)" P = o ck ) and thus

dim N (A — AD*) = n — rank ((A — A\D)* ) = n — rank (C*) = m.

It is also true that dimN((A — )\I)m) = m because the nullspace remains the
same for all powers beyond the index (p. 395).

To prove My, (A;) = 0, suppose x € My, (\;) so that (A — \I)x = 0 and
x = (A — \;I)*z for some z. Combine these with the properties of index()\;)
(p. 587) to obtain

(A-\DFTlz=0 = (A-)\D"z=0 = x=0.

The fact that the subspaces are nested follows from the observation that if x €
Miy1()), then x = (A = A\I)"H'z and (A — A\jD)x = 0 implies x = (A —
MDH((A = AD)z) and (A —X\D)x =0, so M;1(A;) € M;(N)).

b(};) € Si(Aj) € M;(Aj) = R((A = ND)H) NN (A - X\I) C R((A - )\I)).
1 1 0
No——consider A= |0 1 0] and A=1.
0 0 2
(a) All of these facts are established by straightforward arguments using ele-

mentary properties of matrix algebra, so the details are omitted here.
(b) Toshow that the eigenvalues of A@B are {Aij;}/" %, let J4 =P 'AP
and Jp = Q 'BQ be the respective Jordan forms for A and B, and use
properties from (a) to establish that A ® B is similar to J4 ® Jp by writing
Ja®Jp=(PTAP)2 (QT'BQ)=(PT'®Q )(A®B)(P2Q)
=P2Q) '(A®B)(P®Q)
Thus the eigenvalues of A ® B are the same as those of J4 ® Jg, and because

Ja and Jp are upper triangular with the A;’s and u;’s on the diagonal, it’s
clear that J4 ® Jp is also upper triangular with diagonal entries being A; ;.

To show that the eigenvalues of (A®1I,)+ (I, ®B) are {\;i+p;}/m ;2, show
that (A®1L,) + (I, ® B) is similar to (J4 ®1I,) + (I,, ® Jg) by writing
Ja®L,)+ @, ®Jp) = (P 'AP)® (Q'IQ) + (P'IP) ® (Q 'BQ)
=P 'eQ H)A)(PeQ)
+P7eQ )IeB)(P®Q)
=P 'eQ H[(AeD)+(I2B)|(P2Q)
=PeQ '[(A®D)+(I2B)|(P®Q).
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7.8.12.

7.8.13.
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Thus (A®I,)+(I,,®B) and (J4 ®I,) + (I, ® Jp) have the same eigenvalues,
and the latter matrix is easily seen to be an upper-triangular matrix whose
diagonal entries are {X; + ;7 ;2.

It was established in Exercise 7.6.10 (p. 573) that L2y ,2 = (I,®A,)+(A,®L,),

where
2 -1

-1 2 -1

-1 2 -1
-1 2

nxn
is the finite difference matrix of Example 1.4.1 (p. 19). The eigenvalues of A,
were determined in Exercise 7.2.18 (p. 522) to be pu; = 4sin?[jr/2(n + 1)] for
7 =1,2,...,n, so it follows from the last property in Exercise 7.8.11 that the
n? eigenvalues of L2y, = (I, @ A,,) + (A, ®1,,) are

. o . Jm .
AZJ :Mz+uj =4 |:Sln2 (m) +Sln2 <m):|, 1,] = 1,27...,’!1,.

The same argument given in the solution of the last part of Exercise 7.8.11
applies to show that if J is the Jordan form for A, then L is similar to
IRIJ)+(IJ®I)+ (J®I®I), and since J is upper triangular with the
eigenvalues ji; = 4sin®[jm/2(n+1)] of A (recall Exercise 7.2.18 (p. 522)) on
the diagonal of J, it follows that the eigenvalues of L,3,3 are the n® numbers

, . i
Niik = i ) —4|sin2 [T e R in2 [ ———
Gk = M+ + g {sm (2(n 1)> + sin 2n+ 1) + sin 3 0

for i,5,k=1,2,...,n.

Solutionsfor exercisesin section 7. 9

7.9.1.

If w;(t) denotes the number of pounds of pollutant in lake ¢ at time ¢ > 0,
then the concentration of pollutant in lake ¢ at time ¢ is w;(¢)/V 1bs/gal, so
the model wf(t) = (Ibs/sec) coming in— (Ibs/sec) going out produces the system

4r 4r
/ P — [ —
Ty Ty " 440\ [m()
2r 3r or T
== — U3 — — Yl == 2 =5 3 t
Ug Vul + VU3 VU2 or Ulz % us(t)
,  2r r 3r U3 2 1 =3 us(t)
Uy = UL —Ug — —Us3

The solution of w' = Au with u(0) = ¢ is u = e*c. The eigenvalues of A

are A\ =0 with alg mult(\) =1 and Ay = —6r/V with index(X\2) =2, so
u=ellc=eMGic+ e Goc + te™ (A — X\oI)Gac.
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7.9.2.
7.9.3.

7.9.4.
7.9.5.
7.9.6.

7.9.7.

Solutions

Since A; = 0 is a simple eigenvalue, it follows from (7.2.12) on p. 518 that
G, = xyT/yTx, where x and y? are any pair of respective right-hand and
left-hand eigenvectors associated with A; = 0. By observing that Ae =0 and
e’ A =0T for e= (1,1, 1)7 (this is a result of being a closed system), and by
using G1 + Go =1, we have (by using x =y =€)

T eel A2 p
Gli— G2:17T7 and (A*AQI)G2:A7A21+§66 .

If a=(c;+c2+c3)/3=elc/3 denotes the average of the initial values, then
Gic=cae and Gac=c— ae, S0

u(t) = ae + e*'(c — ae) + tet?t [Ac—Xo(c—ae)] for Ay =—6r/V.

Since A2 < 0, it follows that u(t) — ae as t — oo. In other words, the long-run
amount of pollution in each lake is the same—mnamely o« lbs—and this is what
common sense would dictate.
It follows from (7.9.9) that f;(A) = G;.

. 1 when z = )\,
We know from Exercise 7.9.2 that G; = f;(A) for fi(z) = {O otherwise,
and from Example 7.9.4 (p. 606) we know that every function of A is a poly-
nomial in A.
Using f(2) = z* in (7.9.9) on p. 603 produces the desired result.
Using f(z) = 2" in (7.9.2) on p. 600 produces the desired result.

A is the matrix in Example 7.9.2; so the results derived there imply that

3et 2¢? et —¢?
e =e?G +e'Gy+ (A —ADGy = | —2e* —e*  —de? — 262
0 0 e2

The eigenvalues of A are A\; = 1 and Ay = 4 with alg mult(1) = 1 and
index (4) = 2, so

f(A)=f1)G1+ f(4)G2 + f/(4)(A - 4D) Gy

Since A; =1 is a simple eigenvalue, it follows from formula (7.2.12) on p. 518
that G = xyT /yTx, where x and y’ are any pair of respective right-hand
and left-hand eigenvectors associated with A\; = 1. Using x = (-2, 1, 0)T and
y = (1, 1, )T produces
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7.9.8.

7.9.9.

7.9.10.

7.9.11.

7.9.12.

7.9.13.
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Therefore,
-2 —-10 -—-11
F(A)=4VA —1=3G, +7Ga+ (A —4I)Go= | 6 15 10
-1 =2 4

(a) The only point at which derivatives of f(z) = 2!/? fail to exist are at
A =0, so as long as A is nonsingular, f(A)=+/A is defined.

(b) If A is singular so that 0 € o (A) it’s clear from (7.9.9) that A'/? exists
if and only if derivatives of f(z) = z'/? need not be evaluated at A\ = 0, and

this is the case if and only if indez(0) = 1.
If 0+#xp, € N(A —MI), then (7.9.11) guarantees that

(0 ifh £,
G”X’L—{xh it h =i,

50 (7.9.9) can be used to conclude that f(A)xp = f(Ap)xp. It’s an immediate
consequence of (7.9.3) that alg mults (A) = alg mults a) (f(N))-

(a) If Apxi (with k& > 1) is a Jordan block associated with A = 0, and if
f(z) = z*, then f(A)=0 is not similar to A # 0.

(b) Also, geo multy (0) =1 but geo mult; oy (f(0)) = geo multy (0) = k.

(c) And indexa(0) =k while indexsa)(f())) = indexo(0) = 1.

This follows because, as explained in Example 7.9.4 (p. 606), there is always a
polynomial p(z) such that f(A)=p(A), and A commutes with p(A).
Because every square matrix is similar to its transpose (recall Exercise 7.8.5 on
p. 596), and because similar matrices have the same Jordan structure, transpo-
sition doesn’t change the eigenvalues or their indicies. So f(A) exists if and

only if f(AT) exists. As proven in Example 7.9.4 (p. 606), there is a polyno-
T

mial p(z) such that f(A) = p(A), so [f(A)]" = [p(A)]" = p(AT) = F(AT).
While transposition doesn’t change eigenvalues, conjugate transposition does—it
conjugates them—so it’s possible that f can exist at A but not at A*. Fur-
thermore, you can’t replace (x)T by (x)* in the above argument because if p(z)
has some complex coefficients, then [p(A)]” # p(A*).

(a) If fi1(2) =¢€%, fo(z) =e %, and p(z,y) = zy — 1, then
h(z) =p(fi1(2), f2(2)) =’ —=1=0 forall ze€C,

so h(A)=p(fi(A), fo(A)) =0 for all A €C™ ", and thus efe™® —1=0.

(b) Use fi(z) =e fa(z) = (ez)a, and p(z,y) =x —y. Since
hz) = p(f1(2), fa(z)) =e** — (e*)" =0 forall z €C,

h(A) =p(fi(A), f2(A)) =0 for all A €C™*", and thus e = (eA)".
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7.9.14.

7.9.15.

7.9.16.

7.9.17.

Solutions

(c) Using fi(z) = €%, fa(2) = cosz +isinz, and p(z,y) = v —y produces
h(z) = p(f1(2), f2(2)), which is zero for all z, so h(A) =0 for all A € C"*".
(a) The representation e* =Y > 2" /n! together with AB = BA yields

z—“”B NI SR o

n=0 n=0 j= 0
T S - AT - Bs
ST (5) ()

(b) IfA:(g é) and B:((l) 8>,then

AB_ (1 1\/1 0\ _ (21 Aa+B_ Ll fete e—e!

ee_<01 11)= 0 1) Pt =g e tet eqet )
The characteristic equation for A is A3 =0, and the number of 2 x 2 Jordan
blocks associated with A =0 is vp = rank (A) — 2rank (A?) + rank (A3) =1
(from the formula on p. 590), so index (XA = 0) = 2. Therefore, for f(z) = e* we

are looking for a polynomial p(z) = ag + a3z such that p(0) = f(0) =1 and
p’'(0) = f/(0) = 1. This yields the Hermite interpolation polynomial as

p(z) =142 so e*=pA)=I+A.

Note: Since A2 =0, this agrees with the infinite series representation for e?.
(a) The advantage is that the only the algebraic multiplicity and not the index
of each eigenvalue is required—determining index generally requires more effort.
The disadvantage is that a higher-degree polynomial might be required, so a
larger system might have to be solved. Another disadvantage is the fact that f
may not have enough derivatives defined at some eigenvalue for this method to
work in spite of the fact that f(A) exists.

(b) The characteristic equation for A is A3 = 0, so, for f(z) = e*, we are
looking for a polynomial p(z) = ag + a1z + asz? such that p(0) = f(0) = 1,
p'(0) = f/(0) =1, and p”(0) = f”(0) = 1. This yields

2 2

A
p(z)zl—i—z—&—%, &) eA:p(A):I—I—A—I—T.

Note: Since A? =0, this agrees with the result in Exercise 7.9.15.
Since o (A) = {a} with index(a) = 3, it follows from (7.9.9) that

F(8) = @G + 1 0)(A — G + T3 (4 —arpe,
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7.9.18.

7.9.19.

7.9.20.

157

The desired result is produced by using G; = I (because of (7.9.10)), and
A — oIl =8N +9N2, and N3 = 0.

Since
g(A) g'(A) g"(N)/2
gJ)=1{ 0 g\ 4N |,
0 0 9(A)
using Exercise 7.9.17 with a = g(\), 8=4¢'()\), and v = ¢g”’()\)/2! yields

g"WS () [g/<A>J2f”<g<A>>]NQ.

+

F(9(30) = FgON)T+g" (M) ' (g(\)N+ 2 2!

Observing that

PO o

h(J) 2! ’

(h(/\) h'(\) h”()\)/2!)
0 h(\) KO | =hOI+ KON +
0 0
where h()\) = f(g(\)), B'(A) = f'(g(N)g'(N), and
W'(A) = g" N (gN) + " (gW) [g' (V)]

proves that h(J.) = f(g(J.)).
For the function

2

filz) = 1 in a small circle about A; that is interior to I';,
10 elsewhere,

it follows, just as in Exercise 7.9.2, that f;(A) = G;. But using f; in (7.9.22)
produces f;(A) = 5= fFi (€1 — A)~td¢, and thus the result is proven.

2mi

A1
For a k x k Jordan block 3, = ( ) , it’s straightforward to verify that
A

O I S O

AL a2 A3 . (ke R VICYI MOV 21 (k— 1)
A TSI
—1 _ _
T A = 70
21
P! 2
F) ™)
)\71
fN)
for f(z) = 271, and thusif J = I is the Jordan form for A = PJP 1,

then the representation of A=! as A™! = PJ!P~! agrees with the expression
for f(A)=Pf(J)P~! given in (7.9.3) when f(z) =271
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7.9.21.

7.9.22,

7.9.23.

Solutions

_/5 )~ldg = A1

Partition the Jordan form for A as J = (0 N

Jordan segments associated with nonzero eigenvalues and N contains all Jordan
segments associated with the zero eigenvalue (if one exists). Observe that N is
nilpotent, so g(N) = 0, and consequently

A:P(g 1(\)1)P1:>g(A):P<g((?)g((1)\I)>P1:P(CO_1 8>P1:AD.

C 0) in which C contains all

It follows from Exercise 5.12.17 (p. 428) that g(A) is the Moore-Penrose pseu-
doinverse AT if and only if A is an RPN matrix.

Use the Cauchy-Goursat theorem to observe that [.£77d¢ =0 for j =2,3,...,
and follow the argument given in Example 7.9.8 (p. 611) with A; = 0 along with
the result of Exercise 7.9.22 to write

2m/£ ) = o /51R

/ 5 A G

=1 j=0
s ki—1
i 571 ‘
i=1 j=
s K gD .
= Z Z %EJ(A/\iI)jGi =g(A) = A".
i=1 j=0 ’

Solutionsfor exercisesin section 7. 10

7.10.1.

The characteristic equation for A is 0= 2% —(3/4)z—(1/4) = (z—1)(z—1/2)?,
so (7.10.33) guarantees that A is convergent (and hence also summable).

The characteristic equation for B is 23 —1 = 0, so the eigenvalues are the three
cube roots of unity, and thus (7.10.33) insures B is not convergent, but B is
summable because p(B) = 1 and each eigenvalue on the unit circle is semisimple
(in fact, each eigenvalue is simple).

The characteristic equation for C is
0=a—(5/2)2% + 2z — (1/2) = (x — 1)*(z — 1/2),

but index(A = 1) = 2 because rank (C—1I) = 2 while 1 = rank (C —1)* =
rank (C—I)> = ..., so C is neither convergent nor summable.
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7.10.2.

7.10.3.

7.10.4.

7.10.5.

159

Since A is convergent, (7.10.41) says that a full-rank factorization I — A = BC
can be used to compute lim; .., A¥ = G = I — B(CB)~!C. One full-rank
factorization is obtained by placing the basic columns of I — A in B and the
nonzero rows of Eig_a) in C. This yields

~3/2 —3/2 L1 01 -1
B=| 1 -1/2], C(O 0 1), and G=[0 1 -1
1 —1/2 00 0

Alternately, since A = 1 is a simple eigenvalue, the limit G can also be de-
termined by computing right- and left-hand eigenvectors, x = (1,1,0)” and
y©' = (0,—1,1), associated with A = 1 and setting G = xy”?/(y'x) as de-
scribed in (7.2.12) on p. 518. The matrix B is not convergent but it is summable,
and since the unit eigenvalue is simple, the Cesaro limit G can be determined

as described in (7.2.12) on p. 518 by computing right- and left-hand eigenvec-

tors, x = (1,1,1)T and y” = (1,1,1), associated with A = 1 and setting
1 1 1 1

G=xy7/(yT'x)==|1 1 1
3\1 11

To see that x(k) = A¥x(0) solves x(k+1) = Ax(k), use successive substitution
to write x(1) = Ax(0), x(2) = Ax(1) = A%x(0), x(3) = Ax(2) = A%x(0),
etc. Of course you could build a formal induction argument, but it’s not necessary.
To see that x(k) = A*x(0) + Zf;é A*=i=1p(j) solves the nonhomogeneous
equation x(k+ 1) = Ax(k) + b(k), use successive substitution to write

—~

x(1) = Ax(0) + b(0),

x(2) = Ax(1) + b(1) = A?x(0) + Ab(0) + b(0),

x(3) = Ax(2) + b(2) = A®x(0) + A?b(0) + Ab(0) + b(0),
etc.

Put the basic columns of I — A in B and the nonzero rows of the reduced row
echelon form Eg_a) in C to build a full-rank factorization of I — A = BC
(Exercise 3.9.8, p. 140), and use (7.10.41).

1/6 1/6 1/6 1/6\ /p1(0) 1/6
p=Go(0)=(1-B(EB) " Op0=| 15 173 15 1 || 1 || s
1/6 1/6 1/6 1/6/ \ps(0) 1/6

To see that x(k) = A*x(0) solves x(k+1) = Ax(k), use successive substitution
to write x(1) = Ax(0), x(2) = Ax(1) = A%x(0), x(3) = Ax(2) = A®x(0),
etc. Of course you could build a formal induction argument, but it’s not necessary.
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J=0

To see that x(k) = A*x(0) + 32"} A¥=3=1b(j) solves the nonhomogeneous
equation x(k+ 1) = Ax(k) + b(k), use successive substitution to write

(
x(2) = Ax(1) + b(1) = A?x(0) + Ab(0) + b(0),
(3) = Ax(2) + b(2) = A*x(0) + A?b(0) + Ab(0) + b(0),

Use (7.1.12) on p. 497 along with (7.10.5) on p. 617.
For A;, the respective iteration matrices for Jacobi and Gauss—Seidel are

0 -2 2 0 -2 2
H;=| -1 0 -1 and Hgs=10 2 -3
-2 =2 0 0 0 2

H; is nilpotent of index three, so o (H;) = {0}, and hence p(H;) =0 < 1.
Clearly, Hgg is triangular, so p(Hgg) = 2. > 1 Therefore, for arbitrary right-
hand sides, Jacobi’s method converges after two steps, whereas the Gauss—Seidel
method diverges. On the other hand, for As,

L[ 01 1 [0 1 -1
Hy=5|-2 0 -2 and Hgs=5|0 —1 1],
11 0 0 0 -1

and a little computation reveals that o (H,) = {£iv/5/2}, so p(H;) > 1, while
p(Hgs) = 1/2 < 1. These examples show that there is no universal superiority
enjoyed by either method because there is no universal domination of p(Hj;) by
p(Hgs), or vise versa.

(a) det(aD—L-U) = det (aD — fL — 37'U) = 8a® — 4a for all real «
and (8 # 0. Furthermore, the Jacobi iteration matrix is

0 1/2 0
H,=[1/2 0 1/2],
0 1/2 0

and Example 7.2.5, p. 514, shows o (H;) = {cos(w/4), cos(27/4), cos(37/4)}.
Clearly, these eigenvalues are real and p (Hy) = (1/v/2) =~ .707 < 1.

(b) According to (7.10.24),

2
Wopt = ~ 1.172, and H,, .) = wopt — 1~ .172.
pt 1 + 1 — pQ(HJ) p( pt) pt

(¢) Ry = —log;yp(Hy) = log,,(v/2) =~ .1505, Rgs = 2R; =~ .301, and
R,y = —logyg p (Hopy) =~ .766.
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(d) T used standard IEEE 64-bit floating-point arithmetic (i.e., about 16 deci-
mal digits of precision) for all computations, but I rounded the results to 3 places
to report the answers given below. Depending on your own implementation, your
answers may vary slightly.

Jacobi with 21 iterations:

1 1.5 2.5 3.25 3.75 4.12 4.37 4.56 4.69 4.78 4.84 4.89 4.92 4.95 4.96 4.97 4.98 4.99 4.99 4.99 5 5
1 3 4.5 5.5 6.25 6.75 7.12 7.37 7.56 7.69 7.78 7.84 7.89 7.92 7.95 7.96 7.97 7.98 7.99 7.99 7.99 8

1 3.5 4.5 5.25 5.75 6.12 6.37 6.56 6.69 6.78 6.84 6.89 6.92 6.95 6.96 6.97 6.98 6.99 6.99 6.99 7 7
Gauss—Seidel with 11 iterations:

1 15 262 3.81 441 47 485 493 496 498 499 5
1 325 562 681 741 7.7 78 793 796 7.98 799 8
1 462 581 641 6.7 6.8 693 696 698 699 7 7

SOR (optimum) with 6 iterations:

1 159 3.06 4.59 4.89 4.98 5
1 369 673 7.69 793 7.99 8
1 55 651 69 698 7 7

The product rule for determinants produces

det (H,,)=det [(D—wL)™"]det [(1-w)D+wU] :ﬁa;il ﬁ(l—w)aiiz(l—w)”.
i=1 =1

But it’s also true that det (H,) = [[;_, \;, where the );’s are the eigenvalues
of H,. Consequently, |\x| > |1 — w| for some k because if |\;| < |1 —w| for
all i, then |1 —w|” = |[det (Hy)| = [, |\i| < |1 + w|™, which is impossible.
Therefore, |1 —w| < |A\g| < p(Hy,) <1 implies 0 < w < 2.

Observe that H; is the block-triangular matrix
K I 0 1
I K 1 1 0 1
HJ:% with K= .o .
I K 1 1 0 1
I K n2xn? Lo nxn

Proceed along the same lines as in Example 7.6.2, to argue that H; is similar
to the block-diagonal matrix

0 Ty --- 0 @
. .|, where T;=
0 0 T, Low 1
L ry nxn
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in which &; € o (K). Use the result of Example 7.2.5 (p. 514) to infer that the
eigenvalues of T; are k; +2cosjn/(n+ 1) for j = 1,2,...,n and, similarly,
the eigenvalues of K are k; = 2cosin/(n+1) for i =1,2,...,n. Consequently
the n? eigenvalues of H; are \;; = (1/4)[2cosim/(n + 1) + 2cos jm/(n + 1)],
so p(Hy) = max; ;j \;; = cosm/(n+1).

If lim,— o vy = @, then for each € > 0 there is a natural number N = N(¢)
such that |a, —a| < ¢/2 for all n > N. Furthermore, there exists a real number
B such that |a, — a|] < 8 for all n. Consequently, for all n > N,

N n
ap+ag+ -+ 1
‘,U,n*Ol|: 1 2n ”,Q:E Z(akfa)Jr Z (akfa)
k=1 k=N+1
<

N n
1 1 NGB n—Nce NG €
— _ — _ -7 D G
ank a|+n Z e = af < n + n 2 n Jr2
k=1 k=N+1

When n is sufficiently large, NG/n < €/2 so that |u, —a| <€, and therefore,
lim, .o n = a. Note: The same proof works for vectors and matrices by
replacing | x| with a vector or matrix norm.

Prove that (a) = (b) = (¢) = (d) = (e) = (f) = (a).

(a) = (b): This is a consequence of (7.10.28).

(b)= (c): Use induction on the size of A, x,. For n =1, the result is trivial.
Suppose the result holds for n = k—i.e., suppose positive leading minors insures
the existence of LU factors which are M-matrices when n = k. For n =k + 1,
use the induction hypothesis to write

A ¢\ (LU e L 0)(U L
A<k+1)x(k+1>:(dT a):(dT a>:<dTﬁl 1)(0 d >:LU7

where L and U are M-matrices. Notice that o > 0 because det(U) > 0
and 0 < det (A) = odet(L)det(U). Consequently, L and U are M-matrices
because

T-1 ri—1 _ _—177-17 -1
L= (_dT%—li—l (1)> >0 and U!'= <U0 g g—l L C) > 0.

(¢)=(d): A =LU with L and U M-matrices implies A~! = U~!L~! > 0,
so if x = A~le, where e = (1,1,...,1)T, then x > 0 (otherwise A~! would
have a zero row, which would force A to be singular), and Ax =e > 0.

(d)=(e): If x > 0 is such that Ax > 0, define D = diag (z1, z2,...,%x)
and set B = AD, which is clearly another Z-matrix. For e = (1,1,...,1)T,

notice that Be = ADe = Ax > 0 says each row sum of B = AD is positive.
In other words, for each i =1,2,...,n,

O<Zb”:Zb”+b” = bii>z_bij:z:|bij| for each i =1,2,...,n.
J

J#i J#i J#i
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(e) = (f): Suppose that AD is diagonally dominant for a diagonal matrix D
with positive entries, and suppose each a;; > 0. If E = diag (a11, a22,...,0nn)
and —N is the matrix containing the off-diagonal entries of A, then A = E—N
is the Jacobi splitting for A as described in Example 7.10.4 on p. 622, and

AD = ED + ND is the Jacobi splitting for AD with the iteration matrix
H = D 'E-!ND. It was shown in Example 7.10.4 that diagonal dominance
insures convergence of Jacobi’s method (i.e., p (H) < 1), so, by (7.10.14), p. 620,

A=EDI-HD'! = A '=DI-H) 'D'E!'>o0,

and this guarantees that if Ax > 0, then x > 0.

(f) = (a): Let r > max|a;| so that B =7I— A >0, and first show that the
condition (Ax > 0 = x > 0) insures the existence of A~!. Forany x € N (A),

(rI-B)x=0=1rx=Bx=rx| < |Blx| = A(-|x]) > 0= —|x| >0=x=0,

so N(A)=0. Now, A[A71],,=e;>0=[A71],; >0, and thus A~! > 0.
(a) If M; is n; x n; with rank (M;) = r;, then B; is n; x r; and C; is
r; x n; with rank (B;) = rank (C;) = r;. This means that M;;; = C;B; is
r; X 1y, so if r; < n;, then M, has smaller size than M,;. Since this can’t
happen indefinitely, there must be a point in the process at which rp = nj or
rr = 0 and thus some Mj is either nonsingular or zero.

(b) Let M =M; = A — A, and notice that

M? = B;C,B,C; = BiM,Cy,
M? = B;C,B;C,B;C; = B1(B;C;)(B2C2)Cy = BiB;M3CCy,

M!=B;B;---B;_1M;C,_;---C5C;.

In general, it’s true that rank (XYZ) = rank (Y) whenever X has full col-
umn rank and Z has full row rank (Exercise 4.5.12, p. 220), so applying this
yields rank (MZ) = rank (M;) for each ¢ = 1,2,.... Suppose that some
M, =C,_1B;_1 is n; x n; and nonsingular. For this to happen, we must have
Mi—l = Bi_lci_l, where Bi—l is Nni—1 X Ny, Ci—l is ng XN;—1, and

rank (M;_1) = rank (B;—1) = rank (C;—1) = n; = rank (M;).

Therefore, if k is the smallest positive integer such that M,;l exists, then k
is the smallest positive integer such that rank (Mg_1) = rank (My), and thus
k is the smallest positive integer such that rank (Mk’l) = rank (Mk), which
means that index(M) =k —1 or, equivalently, index(\) = k—1. On the other
hand, if some M; = 0, then rank (M') = rank (M;) insures that M’ = 0.
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Consequently, if &k is the smallest positive integer such that My = 0, then k
is the smallest positive integer such that M* = 0. Therefore, M is nilpotent of
index k, and this implies that index(\) = k.

-7 -8 =9 1 0 -1 -7 =8
M=A-4= 5 7 91— (0 1 2] =B= ) 7
-1 -2 -3 0 0 0 -1 -2

and 01:((1) (1) ;),so MgzclBlz(g g)_><(1) (1));»

B, = (_g) and Cy = (1 1), so M3 = Cy;By = —3. Since M3 is the first

M, to be nonsingular, index(4) =3 —1 = 2. Now, indezx(1) if forced to be 1
because 1= alg mult(1) > index (1) > 1.
(a) Since o (A) = {1,4} with indez(1) =1 and index(4) = 2, the Jordan
1 00
formfor A isJ=10 4 1
0 0 4

(b) The Hermite interpolation polynomial p(z) = ag-+ay2z+az2? is determined
by solving p(1) = f(1), p(4) = f(4), and p'(4) = f'(4) for «;’s. So
—1

11 1\ [ao £(1) ao 11 1 £(1)
14 16|(a]l=(ra0] = [a]=[1 4 16 F(4)
01 8/ \ay £(4) s 01 38 £(4)

L1607 =12 [ F()

== 8 -8 15| ra

I\ 1 1 3 \rw

L[ —16£(1) +TF(4) — 12f(4)

——5 | O =870+ 1579)

—f() + f(4) = 3f'(4)

Writing f(A) = p(A) produces
) = [ Ay [T2A A

N [12I+1_5§ABA2] £(4).

Suppose that limg .., AF exists and is nonzero. It follows from (7.10.33) that
A =1 is a semisimple eigenvalue of A, so the Jordan form for B looks like

B=I-A=P (g I —0K> P!, where I — K is nonsingular. Therefore, B

belongs to a matrix group and

0 0 I o
#_ 1 _BB# — ~1
B —P(O (I_K>_1>P — I-BB P(O O)P :



Solutions 165

Comparing I — BB# with (7.10.32) shows that limy_., A* = I — BB#. If
limp oo A® = 0, then p(A) < 1, and hence B is nonsingular, so B# = B~!
and I — BB# = 0. In other words, it’s still true that limj;_,., A¥ =1 — BB#.

7.10.17. We already know from the development of (7.10.41) that if rank (M) =r, then
CB and ViU, are r x r nonsingular matrices. It’s a matter of simple algebra
to verify that MM#M =M, M#MM# = M#, and MM# = M#M.

Solutionsfor exercisesin section 7. 11

7.11.1. m(z) = 3;v+2
7.11.2. v(z)=x —
7.11.3. c(z) A( )(95—2)2

A
A
7.11.4. J= 1%
I
n 1

7.11.5. Set vy = |[I||p = 2, Uo =1/2, and generate the sequence (7.11.2).
Tol1 = <U0|A> = 2,
A — ’l"()on A-1
=||A—-rp1U =+1209, U, = =
" H To1 OHF , 1 ” 1209
To2 = <U0|A2> = 2, 12 = <U1|A2> =2V 12097
va = ||A? —rgaUg — 112Uy ||p =0,
so that

“(o vem) = Coom) o e (5) = (0)

Consequently, the minimum polynomial is m(z) =22 —2r+1= (z—1)%. Asa
by-product, we see that A =1 is the only eigenvalue of A, and indexz(\) = 2,
1

1 0 0
1 0 0
so the Jordan form for A must be J = 01 0

0 0 01
7.11.6. Similar matrices have the same minimum polynomial because similar matrices
have the same Jordan form, and hence they have the same eigenvalues with the
same indicies.
7.11.10. x=(3,-1,-1)T
7.11.12. x=(-3,6,5)T
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Argument, as usually managed, is the worst sort of conversation,
and in books it is generally the worst sort of reading.
— Jonathan Swift (1667-1745)
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Solutionsfor exercisesin section 8. 2

8.2.1.

8.2.3.

8.2.4.

8.2.5.

8.2.6.

8.2.7.

8.2.8.

8.2.9.

The eigenvalues are o (A) = {12,6} with alg mult, (6) =2, and it’s clear that
12 = p(A) € 6 (A). The eigenspace N(A—12I) is spanned by e = (1,1,1)T, so
the Perron vector is p = (1/3)(1,1,1)T. The left-hand eigenspace N(AT —121)
is spanned by (1,2,3)7, so the left-hand Perron vector is q7 = (1/6)(1,2, 3).
If py and po are two vectors satisfying Ap =p(A)p, p>0, and |p|, =1,
then dim N (A —p(A)I) = 1 implies that p; = aps for some o < 0. But
Ipill; = ||lp2ll; =1 insures that o = 1.

o(A) = {0,1}, so p(A) = 1 is the Perron root, and the Perron vector is
p=(a+8)"1(5, a)

(a) p(A/r)=1 is a simple eigenvalue of A/r, and it’s the only eigenvalue on
the spectral circle of A/r, so (7.10.33) on p. 630 guarantees that limg .o (A/r)"
exists.

(b) This follows from (7.10.34) on p. 630.

(¢) G is the spectral projector associated with the simple eigenvalue A = r,
so formula (7.2.12) on p. 518 applies.

If e is the column of all 1’s, then Ae = pe. Since e > 0, it must be a positive
multiple of the Perron vector p, and hence p = n~'e. Therefore, Ap = pp
implies that p = p (A). The result for column sums follows by considering A7
Since p = max; » jGij 1s the largest row sum of A, there must exist a matrix
E > 0 such that every row sum of B = A + E is p. Use Example 7.10.2
(p. 619) together with Exercise 8.2.7 to obtain p(A) < p(B) = p. The lower
bound follows from the Collatz—Wielandt formula. If e is the column of ones,
then e € N/, so

xEN 1<i<n e

p(A) = max f(x) > f(e) = min [Ae_z]i = m}ﬂzaij-
i =1

(a), (b), (c), and (d) are illustrated by using the nilpotent matrix A = <8 (1)) .

(e) A= <(1) é) has eigenvalues +1.

If £ =g(x) for x € P, then {&x > Ax > 0. Let p and g be the respective
the right-hand and left-hand Perron vectors for A associated with the Perron
root 7, and use (8.2.3) along with q”x > 0 to write

Ex>Ax>0 = x> qlAx=rqlx = ¢>r,
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Solutions

so g(x) > r for all x € P. Since g(p) = r and p € P, it follows that
7 = minkep g(X).

A= (% 2) = p(A)=5, but gle;) =1 = mingen g(x) < p(A).

Solutionsfor exercisesin section 8. 3

8.3.1.

8.3.2.

8.3.3.

8.3.4.

8.3.5.

8.3.6.

8.3.7.

8.3.8.

8.3.9.

(a) The graph is strongly connected.

(b) p(A)=3, and p=(1/6,1/2, 1/3)".

(c) h =2 because A is imprimitive and singular.

If A is nonsingular then there are either one or two distinct nonzero eigenvalues
inside the spectral circle. But this is impossible because o (A) has to be invariant
under rotations of 120° by the result on p. 677. Similarly, if A is singular with
alg mult, (0) = 1, then there is a single nonzero eigenvalue inside the spectral
circle, which is impossible.

No! The matrix A = (é ;) has p(A) =2 with a corresponding eigenvector

e=(1,1)7, but A is reducible.

P, is nonnegative and irreducible (its graph is strongly connected), and P,
is imprimitive because P = I insures that every power has zero entries. Fur-
thermore, if A € o (P,,), then A" € o(P?) = {1}, so all eigenvalues of P,
are roots of unity. Since all eigenvalues on the spectral circle are simple (re-
call (8.3.13) on p. 676) and uniformly distributed, it must be the case that
o(Py) ={l,w,w? ..., 0"}

A is irreducible because the graph G(A) is strongly connected—every node is
accessible by some sequence of paths from every other node.

A is imprimitive. This is easily seen by observing that each A" for n > 1 has
the same zero pattern (and each A2"*! for n > 0 has the same zero pattern),
so every power of A has zero entries.

(a) Having row sums less than or equal to 1 means that ||P|_ < 1. Because
p (%) < ||%|| for every matrix norm (recall (7.1.12) on p. 497), it follows that
p(S) < ISIl, < 1.

(b) If e denotes the column of all 1’s, then the hypothesis insures that Se < e,
and Se # e. Since S is irreducible, the result in Example 8.3.1 (p. 674) implies
that it’s impossible to have p(S) =1 (otherwise Se = e), and therefore p (S) <
1 by part (a).

If p is the Perron vector for A, and if e is the column of 1’s, then

D 'ADe=D'Ap=rD 'p=re

shows that every row sum of D™'AD is r, so we can take P = r"'D"1AD
because the Perron-Frobenius theorem guarantees that r > 0.

Construct the Boolean matrices as described in Example 8.3.5 (p. 680), and show
that Bg has a zero in the (1,1) position, but Big > 0.
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According to the discussion on p. 630, f(t) — 0 if » < 1. If » = 1, then
f(t) — Gf(0) = p(qTf(O)/qu) > 0, and if 7 > 1, the results of the Leslie

analysis imply that fi(¢f) — oo for each k.

The only nonzero coefficient in the characteristic equation for L is c¢;, so
ged{2,3,...,n} = 1.

(a) Suppose that A is essentially positive. Since we can always find a 5 > 0
such that SBI+ diag (ai1, a22,...,ann) >0, and since a;; > 0 for i # j, it
follows that A + (I is a nonnegative irreducible matrix, so (8.3.5) on p. 672
can be applied to conclude that (A + (1 + 8)I)"~! > 0, and thus A + ol is
primitive with o = g+ 1. Conversely, if A+ al is primitive, then A+ al must
be nonnegative and irreducible, and hence a;; > 0 for every ¢ # j, and A must
be irreducible (diagonal entries don’t affect the reducibility or irreducibility).

(b) If A is essentially positive, then A + ol is primitive for some a (by the
first part), so (A + aI)* > 0 for some k. Consequently, for all ¢ > 0,

% 4k k
0 < Zt (A+al)® _ t(a+al) _ tAal _ g . D<o B = oA
k!
k=0

Conversely, if 0 < e =322 (t*A¥/k! for all ¢ > 0, then a;; > 0 for every
i # j, for if a;; < 0 for some i # j, then there exists a sufficiently small ¢ > 0
such that [I+tA + t2A2/2+ ---];; < 0, which is impossible. Furthermore, A
must be irreducible; otherwise

XY tA = kA k ' *x % . .. .
A <0 Z> = e 7,;)tA/k. 0 x)° which is impossible.

(a) Being essentially positive implies that there exists some « € R such that
A +al is nonnegative and irreducible (by Exercise 8.3.12). If (r,x) is the Perron
eigenpair for A 4 al, then for £ =r — «, (£,x) is an eigenpair for A.

(b) Every eigenvalue of A + oI has the form z = A+ a, where A € 0 (A),
so if r is the Perron root of A + oI, then for z # r,

|zl <r = Re(z) <r = Re(A+a) <r = Re(\) <r—a=¢

(¢) If A<B, then A+ ol <B+al, so Wielandt’s theorem (p. 675) insures
that 14 = p(A+al) <p(B+al)=rp, andhence {4 =14 —a <rp—a=¢g.
If A is primitive with r = p(A), then, by (8.3.10) on p. 674,

A

k A\m
(—) —~G>0 — 3k such that (—) >0 VYm >k
T T

o™

(m)\ 1/m
. 2% . (m)M/™
— lim —1 = lim [a . } =r.

m— o0 rm m— oo v
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Conversely, we know from the Perron—Frobenius theorem that r > 0, so if
1/k " 1/m .
E? =r, then 3 kg such that Vm > ko, [agj ) > 0, which

implies that A™ > 0, and thus A is primitive by Frobenius’s test (p. 678).

lim,_. |a

Solutions for exercisesin section 8. 4

8.4.1.

8.4.2.

8.4.3.

8.4.4.

8.4.5.

8.4.6.

The left-hand Perron vector for P is w7 = (10/59, 4/59, 18/59, 27/59). It’s
the limiting distribution in the regular sense because P is primitive (it has a
positive diagonal entry—recall Example 8.3.3 (p. 678)).

The left-hand Perron vector is w7 = (1/n)(1,1,...,1). Thus the limiting dis-
tribution is the uniform distribution, and in the long run, each state is occupied
an equal proportion of the time. The limiting matrix is G = (1/n)ee”.

If P isirreducible, then p(P) =1 is a simple eigenvalue for P, so
rank (I —P) = n—dim N (I — P) = n—geo multp (1) = n—alg multp (1) = n—1.
Let A =I—P, and recall that rank (A) = n—1 (Exercise 8.4.3). Consequently,

A singular = Aladj(A)] =0 = [adj (A)]A (Exercise 6.2.8, p. 484),
and
rank (A) =n—1= rank(adj(A)) =1 (Exercises 6.2.11).

It follows from Aladj(A)] = 0 and the Perron—Frobenius theorem that each col-
umn of [adj (A)] must be a multiple of e (the column of 1’s or, equivalently,
the right-hand Perron vector for P), so [adj(A)] = ev? for some vector v.
But [adj(A)); = P; forces vI = (P, Py, ..., P,). Similarly, [adj(A)]JA =0
insures that each row in [adj (A)] is a multiple of 77 (the left-hand Perron vec-
tor of P), and hence vI' = an? for some . This scalar « can’t be zero; other-
wise [adj (A)] = 0, which is impossible because rank (adj (A)) = 1. Therefore,
vlie=a#0, and vT/(vTe) =vl/a==T.

If Qrxir (1 <k < n)isa principal submatrix of P, then there is a permutation

matrix H such that H' PH = (Y Z> =P If B = (0 0), then

B < P, and we know from Wiclandt’s theorem (p. 675) that p (B) < p (f’) =1,

and if p(B) =p (f’) =1, then there is a number ¢ and a nonsingular diagonal

matrix D such that B = ¢*DPD~! or, equivalently, P = e-*DBD~L. But
this implies that X =0, Y =0, and Z = 0, which is impossible because P
is irreducible. Therefore, p(B) < 1, and thus p(Q) < 1.

In order for T — Q to be an M-matrix, it must be the case that [I —QJ;; <0
for i # j, and I — Q must be nonsingular with (I — Q)~! > 0. It’s clear that
I—QJi; <0 because 0 < ¢;; < 1. Exercise 8.4.5 says that p(Q) < 1, so



Solutions

8.4.7.

8.4.8.

8.4.9.
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the Neumann series expansion (p. 618) insures that I — Q is nonsingular and
I-Q)'= Py Q’ > 0. Thus I - Q is an M-matrix.

We know from Exercise 8.4.6 that every principal submatrix of order 1 < k <
n is an M-matrix, and M-matrices have positive determinants by (7.10.28) on
p. 626.

You can consider an absorbing chain with eight states

{(1,1,1),(1,1,0),(1,0,1),(0,1,1),(1,0,0),(0,1,0), (0,0,1), (0,0,0)}

similar to what was described in Example 8.4.5, or you can use a four-state
chain in which the states are defined to be the number of controls that hold at
each activation of the system. Using the eight-state chain yields the following
mean-time-to-failure vector.

) [ 368.4
) [ 366.6

) | 366.6

) 366.6 = (I — Tll)_le.
)| 361.3

)| 361.3

) \ 361.3

This is a Markov chain with nine states (¢,m) in which ¢ is the chamber

occupied by the cat, and m is the chamber occupied by the mouse. There are
three absorbing states—namely (1,1), (2,2), (3,3). The transition matrix is

(1,2) (1,3) (2,1) (2,3) 3,1 (3,2) (1,1) (2,2) (3,3)

(1,2) 18 12 3 6 3 9 6 9 6

(1,3) 12 18 3 9 3 6 6 6 9

(2,1) 3 3 18 9 12 6 6 9 6

1 (2,3) 4 6 6 18 4 8 2 12 12
- — (3,1) 3 3 12 6 18 9 6 6 9
72 (3,2) 6 4 4 8 6 18 2 12 12
(1,1) 0 0 0 0 0 0 72 0 0

(2,2) 0 0 0 0 0 0 0 72 0

(3,3) 0 0 0 0 0 0 0 0 72

The expected number of steps until absorption and absorption probabilities are

(1,1) (2,2) (3,3)

(1,2) ,3.24 0.226 0.41 0.364

813 g-gi 0.226 0.364 0.41

1 , . 1 0.226 0.41 0.364
(I-Tu) ‘e= (2,3) | 297 and  (I=Tu) Tia= | g7 0420 0429
(3,1) | 3.24 0.226 0.364 0.41

(3,2) \ 2.97 0.142 0.429 0.429



